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1 Introduction
A large and interesting class of interacting quantum field theories are the theories of class
S [1, 2]. These are superconformal field theories (SCFTs) with half-maximal (i.e., N = 2)
supersymmetry in four dimensions. The most striking feature of this class of theories is
that they assemble into vast duality webs that are neatly describable in the language of
two-dimensional conformal geometry. This structure follows from the defining property of
theories of class S: they can be realized as the low energy limits of (partially twisted) com-
pactifications of six-dimensional CFTs with (2, 0) supersymmetry on punctured Riemann
surfaces.
Generic theories of class S are strongly interacting. (In many cases they possess
generalized weak-coupling limits wherein the neighborhood of a certain limit point on their
conformal manifold can be described by a collection of isolated strongly coupled SCFTs
with weakly gauged flavor symmetries.) It is remarkable, then, that one can say much of
anything about these theories in the general case. One classic and successful approach has
been to restrict attention to the weakly coupled phases of these theories by, for example,
studying the physics of Coulomb branch vacua at the level of the low energy effective
Lagrangian and the spectrum of BPS states. Relatedly, one may utilize brane constructions
of these theories to extract some features of the Coulomb branch physics [3, 4].
An alternative — and perhaps more modern — tactic is to try to constrain or solve
for various aspects of these theories using consistency conditions that follow from duality.
This approach was successfully carried out in [5] (building on the work of [6–9]) to compute
the superconformal index of a very general set of class S fixed points (see also [10, 11] for
extensions to even more general cases). Subsequently, the framework for implementing
this approach to study the (maximal) Higgs branch was established in [12]. The general
aspiration in this sort of program is that the consistency conditions imposed by generalized
S-duality and the (known) behavior of these theories under certain partial Higgsing and
weak gauging operations may be sufficient to completely determine certain nice observables.
In this sense the approach might be thought of as a sort of “theory space bootstrap”.
One expects that this approach has the greatest probability of success when applied to
observables of class S theories that are protected against corrections when changing exactly
marginal couplings, thus leading to objects that are labelled by topological data and have
no dependence on continuous parameters.1
A new class of protected observables for four-dimensional N = 2 SCFTs was introduced
in [13]. There it was shown that certain carefully selected local operators, restricted to be
coplanar and treated at the level of cohomology with respect to a particular nilpotent
supercharge, form a closed subalgebra of the operator algebra. Moreover their operator
product expansions and correlation functions are meromorphic functions of the operator
insertion points on the plane. This subalgebra consequently acquires the structure of a two-
dimensional chiral algebra. The spectrum and structure constants of this chiral algebra
are subject to a non-renormalization theorem that renders them independent of marginal
1Observables with a manageable dependence on the marginal couplings, such as R41,2 and S
4 partition
functions, also provide natural settings for this type of argument.
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couplings. The existence of this sector can formally be summarized by defining a map that
associates to any N = 2 SCFT in four dimensions the chiral algebra that computes the
appropriate protected correlation functions,
χ :
{
N = 2 SCFTs/Marginal deformations} −→ {Chiral algebras} .
Chiral algebras with the potential to appear on the right hand side of this map are not
generic — they must possess a number of interesting properties that reflect the physics of
their four-dimensional ancestors.
In this paper we initiate the investigation of chiral algebras that are associated in this
manner with four-dimensional theories of class S. For lack of imagination, we refer to
the chiral algebras appearing in this fashion as chiral algebras of class S. For a general
strongly interacting SCFT, there is at present no straightforward method for identifying
the associated chiral algebra. Success in this task would implicitly fix an infinite amount of
protected CFT data (spectral data and three-point couplings) that is generally difficult to
determine. However, given the rigid nature of chiral algebras, one may be optimistic that
chiral algebras of class S can be understood in some detail by leveraging the constraints of
generalized S-duality and the wealth of information already available about the protected
spectrum of these theories. In the present work, we set up the abstract framework of this
bootstrap problem in the language of generalized topological quantum field theory, and put
into place as many ingredients as possible to define the problem concretely. We perform
some explicit calculations in the case of theories of rank one and rank two, and formulate
a number of conjectures for the higher rank case. One of our main results is a general
prescription to obtain the chiral algebra of a theory with sub-maximal punctures given
that of the related theory with all maximal punctures. We demonstrate that the reduction
in the rank of a puncture is accomplished in the chiral algebra by quantum Drinfeld-Sokolov
reduction, with the chiral algebra procedure mirroring the corresponding four-dimensional
procedure involving a particular Higgsing of flavor symmetries.
Ultimately we believe that the bootstrap problem for chiral algebras of class S may
prove solvable, and we hope that the existence of this remarkable structure will pique
the interest of readers with a passion for vertex operator algebras. Characterizing these
algebras should prove to be both mathematically and physically rewarding.
The organization of this paper is as follows. Section 2 is a two-part review: first of
the protected chiral algebra of N = 2 SCFTs, and then of N = 2 SCFTs of class S. In
section 3, we outline the structure of the chiral algebras of class S, using the A1 and A2
cases as examples. We also take some steps to formalize the TQFT structure of the chiral
algebras of class S so as to emphasize that the structures outlined here are susceptible to
rigorous mathematical analysis. In section 4, we describe the generalization of our story
to the case of theories with sub-maximal punctures. In the process, we are led to consider
the problem of quantum Drinfeld-Sokolov reduction for modules of affine Lie algebras. In
section 5, we offer some comments on unphysical chiral algebras that are expected to exist
at a formal level in order to complete the TQFT structure. A number of technical details
having to do with rank two theories are included in appendix A. Details having to do with
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unphysical cylinder and cap chiral algebras appear in appendix B. Finally, in appendix C
we review the methods for computing the cohomology of a double complex using spectral
sequences. These methods are instrumental to the analysis of section 4.
2 Background
We begin with a review of the two main topics being synthesized in this paper: the pro-
tected chiral algebras of N = 2 SCFTs and superconformal theories of class S. Readers
who have studied our first paper on protected chiral algebras [13] should be fine skipping
section 2.1, while those familiar with the class S literature (for example, [1, 5, 6, 14]) may
safely skip section 2.2.
2.1 Review of protected chiral algebras
The observables we aim to study for class S fixed points are those described by the protected
chiral algebras introduced in [13] (see also [15] for the extension to six dimensions). The
purpose of this section is to provide a short overview of how those chiral algebras come
about and the properties that were deduced for them in the original papers. We simply
state the facts in this section; the interested reader is encouraged to consult the original
work for explanations.
The starting point is the N = 2 superconformal algebra su(2, 2|2). The fermionic
generators of the algebra are Poincare´ supercharges {QIα, Q˜α˙J } and special conformal su-
percharges {SαI , S˜ α˙J }. From these, one can form two interesting nilpotent supercharges
that are mixtures of Poincare´ and special conformal supercharges,
Q 1 := Q1− + S˜−˙2 , Q 2 := Q˜−˙2 + S−1 . (2.1)
These supercharges have the following interesting property. Let us define the subalgebra
of the four-dimensional conformal symmetry algebra that acts on a plane R2 ⊂ R4 as
sl(2) × sl(2). Let us further denote the complexification of the su(2)R R-symmetry as
sl(2)R. These subalgebras have the following nice relationship to the supercharges Q i,
[Q i, sl(2)] = 0 , {Q i, ·} = diag
[
sl(2)× sl(2)R
]
. (2.2)
It follows from these relations that operators that are Q -closed must behave as meromorphic
operators in the plane. They have meromorphic operator product expansions (modulo Q -
exact terms) and their correlation functions are meromorphic functions of the positions.
Restricting from the full N = 2 SCFT to Q -cohomology therefore defines a two-dimensional
chiral algebra. For a pedagogical discussion of chiral algebras, see [16].
The conditions for a local operator to define a nontrivial Q -cohomology element were
worked out in [13]. It turns out that such operators are restricted to lie in the chiral algebra
plane: {x3 = x4 = 0}. When inserted at the origin, an operator belongs to a well-defined
cohomology class if and only if it obeys the conditions
hˆ :=
E − (j1 + j2)
2
−R = 0 , Z := j1 − j2 + r = 0 . (2.3)
– 4 –
J
H
E
P
0
5
(
2
0
1
5
)
0
2
0
Multiplet OSchur h := E+j1+j22 r Lagrangian “letters”
BˆR Ψ11...1 R 0 Q, Q˜
D¯R(j1,0) Q1+Ψ11...1+···+ R+ j1 + 1 −j1 − 12 Q, Q˜, λ1+
DR(0,j2) Q˜1+˙Ψ11...1+˙...+˙ R+ j2 + 1 j2 + 12 Q, Q˜, λ˜1+˙
CˆR(j1,j2) Q1+Q˜1+˙Ψ1...1+···++˙...+˙ R+ j1 + j2 + 2 j2 − j1 Dn++˙Q, Dn++˙Q˜, Dn++˙λ1+, Dn++˙λ˜1+˙
Table 1. This table summarizes the manner in which Schur operators fit into short multiplets of
the N = 2 superconformal algebra. We use the naming conventions for supermultiplets of Dolan
and Osborn [17]. For each supermultiplet, we denote by Ψ the superconformal primary. There is
then a single conformal primary Schur operator OSchur, which in general is obtained by the action of
some Poincare´ supercharges on Ψ. The holomorphic dimension (h) and U(1)r charge (r) of OSchur
are determined in terms of the quantum numbers (R, j1, j2) that label the shortened multiplet. We
also indicate the schematic form that OSchur can take in a Lagrangian theory by enumerating the
elementary “letters” from which the operator may be built. We denote by Q and Q˜ the complex
scalar fields of a hypermultiplet, by λIα and λ˜
I
α˙ the left- and right-handed fermions of a vector
multiplet, and by Dαα˙ the gauge-covariant derivatives. Note that while in a Lagrangian theory
Schur operators are built from these letters, the converse is false — not all gauge-invariant words of
this kind are Schur operators. Only the special combinations with vanishing anomalous dimensions
retain this property at finite coupling.
Unitarity of the superconformal representation requires hˆ > |Z|2 , so the first condition
actually implies the second. We refer to operators obeying hˆ = 0 as Schur operators. All
Schur operators are necessarily su(2)R highest weight states. Indeed, if the su(2)R raising
generator did not annihilate a Schur operator, it would generate an operator with hˆ < 0,
which would violate unitarity.
As sl(2) does not commute with Q, ordinary translations of Schur operators in the chiral
algebra plane fail to be Q -closed away from the origin. Rather, we translate operators using
the twisted translation generator L̂−1 := L−1 +R−, where R− is the lowering operator of
su(2)R. As shown in eq. (2.2), this is a Q -exact operation. We find that local operators
defining nontrivial Q -cohomology classes can be written in the form
O(z, z¯) := uI1(z¯) · · ·uIk(z¯)O{I1···Ik}(z, z¯) , where uI(z) :=
(
1
z¯
)
. (2.4)
Here O1···1(0) is a Schur operator, and we are suppressing Lorentz indices. It is these
twisted-translated Schur operators, taken at the level of cohomology, that behave as mero-
morphic operators in two dimensions,
O(z) := [O(z, z¯)]Q i . (2.5)
We now turn to a recap of the various types of four-dimensional operators that may satisfy
the Schur condition, and thus participate in the protected chiral algebra.
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2.1.1 Taxonomy of Schur operators
A Schur operator is annihilated by two Poincare´ supercharges of opposite chiralities (Q1−
and Q˜2−˙ in our conventions). A summary of the different classes of Schur operators,
organized according to how they fit in shortened multiplets of the superconformal algebra,
is given in table 1 (reproduced from [13]). Let us briefly discuss each row in turn.
The first row describes half-BPS operators that are a part of the Higgs branch chiral
ring. These have E = 2R and j1 = j2 = 0. In a Lagrangian theory, operators of this
type schematically take the form QQ · · · Q˜Q˜. A special case is when R = 1, in which
case a conserved current is amongst the super-descendants of the primary. The half-BPS
primary is then the “moment map” operator µA which has dimension two and transforms
in the adjoint representation of the flavor symmetry. The su(2)R highest weight state of
the moment map is a Schur operator.
The operators in the second row are more general N = 1 chiral operators, obeying
E = 2R+ |r| and r = −j1− 12 . Together with the Higgs branch chiral ring operators (which
can be regarded as the special case with r = 0), they make up the so-called Hall-Littlewood
chiral ring. These are precisely the operators that are counted by the Hall-Littlewood limit
of the superconformal index [9]. In a Lagrangian theory, these operators are obtained by
constructing gauge-invariant words out of Q, Q˜, and the gaugino field λ1+ (the bottom
component of the field strength chiral superfield Wα with α = +). In complete analogy,
the third line describes N = 1 anti -chiral operators obeying E = 2R + |r|, r = j2 + 12 ,
which belong to the Hall-Littlewood anti-chiral ring. The second and third lines are CPT
conjugate to each other. It is believed that D and D type operators are absent in any the-
ory arising from a (generalized) quiver description with no loops (i.e., an acyclic quiver).
These are theories for which the Hall-Littlewood superconformal index matches [9] the
“Hilbert series” for the Higgs branch [18]. Equivalently, these are the theories for which
the maximal Higgs branch is an honest Higgs branch, with no low-energy abelian gauge
field degrees of freedom surviving.
The fourth line describes the most general type of Schur operators, which belong to
supermultiplets that obey less familiar semi-shortening conditions. An important operator
in this class is the conserved current for su(2)R, which belongs to the Cˆ0(0,0) supermultiplet
which also contains the stress-energy tensor and is therefore universally present in any
N = 2 SCFT. This current has one component with E = 3, R = 1, j1 = j2 = 12 which is a
Schur operator.
Finally, let us point out the conspicuous absence of half-BPS operators that belong to
the Coulomb branch chiral ring (these take the form Tr φk in a Lagrangian theory, where
φ is the complex scalar of the N = 2 vector multiplet). These operators are in many ways
more familiar than those appearing above due to their connection with Coulomb branch
physics. The protected chiral algebra is thus complementary, rather than overlapping, with
a Coulomb branch based analysis of class S physics.
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2.1.2 The 4d/2d dictionary
There is a rich dictionary relating properties of a four-dimensional SCFT with properties
of its associated chiral algebra. Let us briefly review some of the universal entries in this
dictionary that were worked out in [13]. Interested readers should consult that reference
for more detailed explanations.
Virasoro symmetry. The stress tensor in a four-dimensional N = 2 SCFT lives in
the Cˆ0(0,0) supermultiplet, which contains as a Schur operator a component of the su(2)R
conserved current J (IJ )αα˙ . The corresponding twisted-translated operator gives rise in co-
homology to a two-dimensional meromorphic operator of dimension two, which acts as a
two-dimensional stress tensor, T (z) := [J++˙(z, z¯)]Q. As a result, the global sl(2) symmetry
that is inherited from four dimensions is always enhanced to a local Virasoro symmetry
acting on the chiral algebra. From the current-current OPE, which is governed by super-
conformal Ward identities, one finds a universal expression for the Virasoro central charge,
c2d = −12 c4d , (2.6)
where c4d is the conformal anomaly coefficients of the four-dimensional theory associated
to the square of the Weyl tensor. Note that the chiral algebra is necessarily non-unitary
due to the negative sign in eq. (2.6).
Affine symmetry. Similarly, continuous global symmetries of the four-dimensional
SCFT (when present) are enhanced to local affine symmetries at the level of the asso-
ciated chiral algebra. This comes about because the conserved flavor symmetry current
sits in the Bˆ1 supermultiplet, whose bottom component is the moment-map operator dis-
cussed above. The su(2)R highest weight component of the moment map operator then
gives rise to an affine current, JA(z) := [µA(z, z¯)]Q. The level of the affine current algebra
is related to the four-dimensional flavor central charge by another universal relation,
k2d = −1
2
k4d . (2.7)
Hall-Littlewood ring generators as chiral algebra generators. Identifying chiral
algebra generators is of crucial importance if one is to find an intrinsic characterization
of any particular chiral algebra without reference to its four-dimensional parent. A very
useful fact is that generators of the Hall-Littlewood chiral ring (and in particular those
of the Higgs branch chiral ring) necessarily give rise to generators of the protected chiral
algebra after passing to Q -cohomology. This follows from su(2)R and u(1)r selection rules,
which forbid such an operator from appearing in any non-singular OPEs. A special case is
the aforementioned affine currents, which arise from Higgs branch moment map operators
with E = 2R = 2. With the exception of theories with free hypermultiplets, these are
always generators.
Exactly marginal gauging. Given an SCFT T with a flavor symmetry G that has
flavor central charge k4d = 4h
∨, one may form a new family of SCFTs TG by introducing
an N = 2 vector multiplet in the adjoint representation of G and gauging the symmetry.
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This specific value of the flavor central charge ensures that the gauge coupling beta function
vanishes, so the procedure preserves conformal invariance.
There exists a corresponding procedure at the level of chiral algebras that produces the
chiral algebra χ[TG] given that of the original theory χ[T ]. In parallel with the introduction
of a G-valued vector multiplet, one introduces a dimension (1, 0) ghost system (bA, c
A) with
A = 1, . . . , dimG. In the tensor product of this ghost system and the chiral algebra χ[T ],
one may form a canonical nilpotent BRST operator given by
QBRST :=
∮
dz
2pii
jBRST(z) , jBRST(z) :=
(
cA
[
JA − 1
2
f CAB c
B bC
])
(z) , (2.8)
where the affine currents JA(z) are those associated with the G symmetry of χ[T ], and
f CAB are the structure constants for G. Nilpotency of this BRST operator depends on the
precise value of the affine level k2d = −2h∨, and so the self-consistency of this procedure is
intimately connected with the preservation of conformal invariance in four dimensions. The
gauged chiral algebra is then obtained as the cohomology of the BRST operator relative
to the b -ghost zero modes,
χ[TG] = H?BRST
[
ψ ∈ χ[T ]⊗ χ(b,c) | bA0 ψ = 0
]
(2.9)
Superconformal index. The superconformal index of a superconformal field theory
is the Witten index of the radially quantized theory, refined by a set of fugacities that
keep track of the maximal set of charges commuting with each other and with a chosen
supercharge. For our purposes, we consider the specialization of the index of an N = 2
SCFT known as the Schur index [8, 9]. The trace formula for the Schur index reads
I(Schur)(q; x) = TrH[S3](−1)F qE−R
∏
i
xi
fi , (2.10)
where F denotes the fermion number and {fi} the Cartan generators of the flavor group.
The Schur index counts (with signs) precisely the operators obeying the condition (2.3).
Moreover, for Schur operators E − R coincides with the left-moving conformal weight h
(the eigenvalue of L0),
E −R = E + j1 + j2
2
=: h . (2.11)
It follows that the graded character of the chiral algebra is identical to the Schur index,
Iχ(q; x) := TrHχ (−1)F qL0 = ISchur(q; x) , (2.12)
where Hχ denotes the state space of the chiral algebra. Note that this object is not
interpreted as an index when taken as a partition function of the chiral algebra, because
(with the exception of chiral algebras associated to N = 4 theories in four dimensions) the
protected chiral algebra itself is not supersymmetric.
2.2 Review of theories of class S
Four-dimensional superconformal field theories of class S may be realized as the low-energy
limit of twisted compactifications of an N = (2, 0) superconformal field theory in six
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dimensions on a Riemann surface, possibly in the presence of half-BPS codimension-two
defect operators. The resulting four-dimensional theory is specified by the following data:2
• A simply-laced Lie algebra g = {An, Dn, E6, E7, E8}. This specifies the choice of
six-dimensional (2, 0) theory.
• A (punctured) Riemann surface Cg,s known as the UV curve, where g indicates the
genus and s the number of punctures. In the low energy limit, only the complex
structure of Cg,s plays a role. The complex structure moduli of the curve are identified
with exactly marginal couplings in the SCFT.
• A choice of embedding Λi : su(2) → g (up to conjugacy) for each puncture i =
1, . . . , s. These choices reflect the choice of codimension-two defect that is present
at each puncture in the six-dimensional construction. The centralizer hΛi ⊂ g of
the embedding is the global symmetry associated to the defect. The theory enjoys a
global flavor symmetry algebra given by at least ⊕si=1hΛi .3
When necessary, we will label the corresponding four-dimensional SCFT as T [g; Cg,s; {Λi}].
Because we are ultimately only interested in theories modulo their exactly marginal cou-
plings, we will not keep track of a point in the complex structure moduli space of the UV
curve.
For the sake of simplicity, we will restrict our attention to theories where g is in the A
series. The generalization to D and E series theories (at least in the abstract discussion)
should be possible to carry out without a great deal of additional difficulty. In the An−1
case — i.e., g = su(n) — the data at punctures can be reformulated as a partition of
n: [n`11 n
`2
2 . . . n
`k
k ] with
∑
i `ini = n and ni > ni+1. Such a partition indicates how the
fundamental representation f of su(n) decomposes into irreps of Λ(su(2)),
f→
k⊕
i=1
`iV 1
2
(ni−1) , (2.13)
where Vj denotes the spin j representation of su(2). An equivalent description comes from
specifying a nilpotent element e in su(n), i.e., an element for which (ade)
r = 0 for some
positive integer r. The Jordan normal form of such a nilpotent element is given by
e =
k⊕
i=1
`i times︷ ︸︸ ︷
Jni ⊕ · · · ⊕ Jni , (2.14)
where Jm is the elementary Jordan block of size m, i.e., a sparse m × m matrix with
only ones along the superdiagonal. Thus every nilpotent element specifies a partition of
2We restrict our attention in this note to regular theories. A larger class of theories can be obtained
by additionally allowing for irregular punctures [19]. Still more possibilities appear when the UV curve is
decorated with outer automorphisms twist lines [20, 21].
3In some exceptional cases the global symmetry of the theory is enhanced due to the existence of
additional symmetry generators that are not naturally associated to an individual puncture.
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n and vice versa. The su(2) embedding comes from defining su(2) generators t0, t± and
demanding that Λ(t−) = e.
The trivial embedding is identified with the partition [1n] and leads to a defect with
maximal flavor symmetry h = su(n). A puncture labelled by this embedding is called full
or maximal. The opposite extreme is the principal embedding, which has partition [n1].
This embedding leads to h = ∅, and the puncture is effectively absent. Another important
case is the subregular embedding, with partition [n−1, 1], which leads to h = u(1) (as long
as n > 2). Punctures labelled by the subregular embedding are called minimal or simple.
The basic entities of class S are the theories associated to thrice-punctured spheres,
or trinions. The designations of these theories are conventionally shortened as
TΛ1Λ2Λ3n := T [su(n); C0,3; {Λ1 Λ2 Λ3}] . (2.15)
For the special case of all maximal punctures, the convention is to further define Tn :=
T
[1n][1n][1n]
n . All of the trinion theories are isolated SCFTs — they have no marginal cou-
plings. For most of these theories, no Lagrangian description is known. An important class
of exceptions are the theories with two maximal punctures and one minimal puncture:
T
[1n][1n][n−1,1]
n . These are theories of n2 free hypermultiplets, which in this context are
naturally thought of as transforming in the bifundamental representation of su(n)× su(n).
In the case n = 2, the minimal and maximal punctures are the same and the theory of four
free hypermultiplets (equivalently, eight free half-hypermultiplets) is the T2 theory. In this
case the global symmetry associated to the punctures is su(2) × su(2) × su(2) which is a
subgroup of the full global symmetry usp(8).
At the level of two-dimensional topology, an arbitrary surface Cg,s can be assembled
by taking 2g − 2 + s copies of the three-punctured sphere, or “pairs of pants”, and gluing
legs together pairwise 3g − 3 + s times. Each gluing introduces a complex plumbing
parameter and for a given construction of this type the plumbing parameters form a set
of coordinates for a patch of the Teichmuller space of Riemann surfaces of genus g with s
punctures. A parallel procedure is used to construct the class S theory associated to an
arbitrary UV curve using the basic trinion theories. Starting with 2g − 2 + s copies of the
trinion theory Tn, one glues along maximal punctures by gauging the diagonal subgroup of
the su(n) × su(n) flavor symmetry associated to the punctures. This introduces an su(n)
gauge group in the four-dimensional SCFT, and the marginal gauge coupling is related
to the plumbing parameter. If one wants, the remaining maximal punctures can then be
reduced to sub-maximal punctures using the Higgsing procedure described below.4 To
a given pants decomposition of a UV curve, one associates a “weakly coupled” frame of
the corresponding SCFT in which the flavor symmetries of a collection of trinion theories
are being weakly gauged. The equivalence of different pants decompositions amounts to
S-duality. It is only in very special cases that a weakly coupled duality frame of this type
will actually be described by a Lagrangian field theory.
4In terms of the low energy SCFT, the operations of Higgsing at external punctures and gauging of
internal ones commute, so one may equally well think of gluing together trinions some of whose punctures
are not maximal. Our presentation here is not meant to convey the full depth of what is possible in class S.
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By now, quite a few general facts are known about theories of class S. Here we simply
review some relevant ones while providing pointers to the original literature. The list is
not meant to be comprehensive in any sense.
Central charges. The a and c conformal anomalies have been determined for all of the
regular A-type theories in [14, 22]. The answer takes the following form,
c4d =
2nv + nh
12
, a =
5nv + nh
24
, (2.16)
where
nv =
s∑
i=1
nv(Λi) + (g − 1)
(
4
3
h∨ dim g + rank g
)
,
nh =
s∑
i=1
nh(Λi) + (g − 1)
(
4
3
h∨ dim g
)
,
(2.17)
and
nv(Λ) = 8 (ρ · ρ− ρ · Λ(t0)) + 1
2
(rank g− dim g0) ,
nh(Λ) = 8 (ρ · ρ− ρ · Λ(t0)) + 1
2
dim g 1
2
.
(2.18)
In these equations, ρ is the Weyl vector of su(n) and h∨ is the dual coxeter number,
which is equal to n for g = su(n). The Freudenthal-de Vries strange formula states that
|ρ|2 = h∨12 dim g, which is useful in evaluating these expressions. Additionally, the embedded
Cartan generator Λ(t0) has been used to define a grading on the Lie-algebra,
g =
⊕
m∈ 1
2
Z
gm , gm :=
{
t ∈ g | adΛ(t0)t = mt
}
. (2.19)
This grading will make another appearance in section 4.
The su(n) flavor symmetry associated to a full puncture comes with flavor central
charge ksu(n) = 2n. This is a specialization of the general formula kADE = 2h
∨. For a
non-maximal puncture, the flavor central charge for a given simple factor hsimp ⊆ h is
given by [22],
khsimpδAB = 2
∑
j
TrR(adj)j
TATB , (2.20)
where TA, TB are generators of hsimp satisfying the normalization TrhsimpTATB = h
∨
hsimp
δAB
and we have introduced the decomposition of the adjoint representation of su(n) into
representations of hΛ ⊗ Λ(su(2)),
adjg =
⊕
j
R(adj)j ⊗ Vj . (2.21)
In cases where there are global symmetries that extend the symmetries associated to punc-
tures, the central charge can be deduced in terms of the embedding index.
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Higgs branch chiral ring and their relations. Operators in an N = 2 SCFT whose
conformal dimension is equal to twice their su(2)R spin (E = 2R) form a ring called the
Higgs branch chiral ring. This ring is generally believed to be the ring of holomorphic
functions (in a particular complex structure) on the Higgs branch of the moduli space of
vacua of the theory. It is expected to be finitely generated, with the generators generally
obeying nontrivial algebraic relations. For theories of class S the most general such relations
have not been worked out explicitly to the best of our knowledge. However, certain cases
of the relations can be understood.
For any puncture there is an associated global symmetry h, and the conserved currents
for that global symmetry will lie in superconformal representations that include moment
map operators µA, A = 1, . . . , dim h that belong to the Higgs branch chiral ring. Of primary
interest to us are the relations that involve solely these moment map operators. Let us
specialize to the case where all punctures are maximal, so hi = g for all i = 1, . . . , s. There
are then chiral ring relations given by
Trµk1 = Trµ
k
2 = · · · = Trµks , k = 1, 2 . . . . (2.22)
There are additional Higgs branch chiral ring generators for a general class S theory of the
form
Q
I(k)1 ···I(k)s
(k) , k = 1, . . . , n− 1 , (2.23)
of dimension Ek = 2Rk =
1
2k(n − k)(2g − 2 + s). The multi-indices I(k) index the k-
fold antisymmetric tensor representation of su(n). There are generally additional chiral
ring relations involving these Q(k) operators, some of which mix them with the moment
maps [23]. The complete form of these extra relations has not been worked out — a
knowledge of such relations would characterize the Higgs branch of that theory as a complex
algebraic variety, and such a characterization is presently lacking for all but a small number
of special cases. We will not make explicit use of such additional relations in what follows.
Higgsing and reduction of punctures: generalities. Theories with non-maximal
punctures can be obtained by starting with a theory with maximal punctures and going
to a particular locus on the Higgs branch [4, 22, 24, 25]. The flavor symmetry associated
to a puncture is reflected in the existence of the above-mentioned half-BPS moment map
operators, µA, that transform in the adjoint representation of the flavor symmetry with
corresponding index A = 1, . . . , n2 − 1. In reducing the flavor symmetry via Higgsing, one
aims to give an expectation value to one of the µi’s, say µ1, while keeping 〈µi 6=1〉 = 0.
Consistency with eq. (2.22) then requires that 〈Trµk1〉 = 0 for any k, or put differently, 〈µ1〉
is a nilpotent su(n) matrix. Since any nilpotent element can be realized as the image of
t− ∈ su(2) with respect to some embedding Λ : su(2) ↪→ su(n), the relevant loci on the
Higgs branch are characterized by such an embedding, where we have
〈µ1〉 = vΛ(t−) . (2.24)
The expectation value breaks the su(n) flavor symmetry associated with the puncture
to hΛ, the centralizer of the embedded su(2), as well as the su(2)R symmetry (and also
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conformal symmetry). It will be important in the following that a linear combination of
the flavor and su(2)R Cartan generators remains unbroken,
5 namely
R˜ := R+ J0 , J0 := Λ(t0) . (2.25)
In such a vacuum, the low energy limit of the theory is described by the interacting class S
SCFT with the same UV curve as the original theory, but with the first puncture replaced
by a puncture of type Λ. Additionally there will be decoupled free fields arising from the
Nambu-Goldstone fields associated to the symmetry breaking [24, 25]. We identify R˜ as
the Cartan generator of the su(2)R˜ symmetry of the infrared fixed point.
It will prove useful to introduce notation to describe the breaking of su(n) symmetry
in greater detail. The generators of su(n) can be relabeled according to the decomposition
of eq. (2.21),
TA =⇒ Tj,m;W(Rj) , (2.26)
where m = −j,−j+ 1, . . . ,+j is the eigenvalue of the generator with respect to Λ(t0), and
W(Rj) runs over the various weights of the representation Rj of hΛ. Expanding µ1 around
its expectation value, we have
µ1 = vΛ(t−) +
∑
j
+j∑
m=−j
∑
W(Rj)
(µ˜1)j;m,W(Rj)Tj;m,W(Rj) . (2.27)
The operators (µ˜1)j;m,W(Rj) with m < j become the field operators of the Nambu-
Goldstone modes. Their number is given by dimCO
g
Λ(t−) — the complex dimension of
the nilpotent orbit of Λ(t−). They are ultimately organized into 12 dimCO
g
Λ(t−) free hyper-
multiplets.
Superconformal index. The superconformal index of an SCFT is an invariant on its
conformal manifold. For theories of class S, this means that the index does not depend
on the complex structure moduli of the UV curve. On general grounds, one then expects
the class S index to be computed by a topological quantum field theory living on the UV
curve [6]. This expectation is borne out in detail, with a complete characterization of
the requisite TQFT achieved in a series of papers [5, 8, 9]. Our interest is in the Schur
specialization of the index, which is identical to the graded character of the protected chiral
algebra, see eq. (2.12). In [8], the corresponding TQFT was recognized as a q-deformed
version of two-dimensional Yang-Mills theory in the zero-area limit. Here we will summarize
this result and introduce appropriate notation that will be useful in section 4.3.
5We suspect not only this Cartan generator, but the full diagonal subalgebra of su(2)R and the embedded
su(2) is preserved on the sublocus of the Higgs branch in question. It should be possible to prove such a
thing using the hyperkahler structure on nilpotent cones described in [26]. We thank D. Gaiotto, A. Neitzke,
and Y. Tachikawa for helpful conversations on this point.
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For the class S theory T [g; Cg,s; {Λi}], the Schur index takes the form6
ISchur(q; x) =
∑
R
CR(q)
2g−2+s
s∏
i=1
ψΛiR (xΛi ; q) . (2.28)
The sum runs over the set of finite-dimensional irreducible representations R of the Lie
algebra g. Each puncture contributes a “wavefunction” ψΛiR (xΛi ; q), while the Euler charac-
ter of the UV curve determines the power of the “structure constants” CR(q) that appear.
Each wavefunction depends on fugacities xΛ conjugate to the Cartan generators of the fla-
vor group hΛ associated to the puncture in question. Note that by definition, the structure
constants are related to wave functions for the principal embedding, which corresponds to
having no puncture at all, i.e.,
CR(q)
−1 ≡ ψρR(q) , (2.29)
where ρ denotes the principal embedding.7
To write down the general wavefunction we need to discuss some group theory prelim-
inaries. Under the embedding Λ : su(2) ↪→ g, a generic representation R of g decomposes
into hΛ ⊗ Λ(su(2)) representations,
R =
⊕
j
R(R)j ⊗ Vj , (2.30)
where R(R)j is some (generically reducible) representation of hΛ. We define the fugacity
assignment fugΛ(xΛ; q) as the solution (for x) of the following character decomposition
equation,8
χgf (x) =
∑
j
χhΛR(f)j
(xΛ)χ
su(2)
Vj
(q
1
2 , q−
1
2 ) , (2.31)
where χgf (x) is the character of g in the fundamental representation (denoted by f), and
the right hand side is determined by the decomposition of eq. (2.30) with R ≡ f. Note that
x = fugΛ(xΛ; q) also solves the more general character equation
χg
R(x) =
∑
j
χhΛ
R(R)j
(xΛ)χ
su(2)
Vj
(q
1
2 , q−
1
2 ) , (2.32)
for any other representation R. A couple of simple examples help to clarify these definitions.
Taking g = su(2) and Λ : su(2) ↪→ su(2) the principal embedding — in this case is just the
identity map — the centralizer is trivial and eq. (2.31) becomes
a+ a−1 = q
1
2 + q−
1
2 , (2.33)
6Not every possible choice of Riemann surface decorated by a choice of {Λi} at the punctures corresponds
to a physical SCFT. An indication that a choice of decorated surface may be unphysical is if the sum in (2.28)
diverges, which happens when the flavor symmetry is “too small”. There are subtle borderline cases where
the sum diverges, but the theory is perfectly physical. These cases have to be treated with more care [27].
7The discussion so far applies to a general simply-laced Lie algebra g. Recall that when g = su(n), the
principal embedding corresponds to the partition [n1].
8For g = su(n) the solution is unique up to the action of the Weyl group.
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which has the two solutions a = q
1
2 and a = q−
1
2 , which are related to each other by
the action of the Weyl group a ↔ a−1. A more complicated example is g = su(3) and Λ
the subregular embedding, which corresponds to the partition [21, 11]. The centralizer is
hΛ = u(1). Given su(3) fugacities (a1, a2, a3) with a1a2a3 = 1, we denote the u(1) fugacity
by b and then eq. (2.31) takes the form
a1 + a2 + a3 = b
−2 + b (q
1
2 + q−
1
2 ) . (2.34)
Up to the action of the Weyl group, which permutes the ai, the unique solution is given
by (a1, a2, a3) = (q
1
2 b, q−
1
2 b, b−2).
The wavefunction for a general choice of embedding and representation now takes the
following form,
ψΛR(xΛ; q) := KΛ(xΛ; q)χ
g
R(fugΛ(xΛ; q)) . (2.35)
The K-factors admit a compact expression as a plethystic exponential [11],
KΛ(xΛ; q) := PE
∑
j
qj+1
1− qχ
hΛ
R(adj)j
(xΛ)
 , (2.36)
where the summation is over the terms appearing in the decomposition of eq. (2.30) applied
to the adjoint representation,
adjg =
⊕
j
R(adj)j ⊗ Vj . (2.37)
Note that R(adj)0 = adjhΛ⊕singlets. For the maximal puncture, corresponding to the trivial
embedding Λmax ≡ 0, the wavefunction reads
ψΛmaxR (x; q) = Kmax(x; q)χ
g
R(x) , Kmax(x; q) := PE
[
q
1− qχ
g
adj(x)
]
. (2.38)
At the other extreme, for the principal embedding Λ = ρ, the decomposition of eq. (2.37)
reads
adjg =
rank g⊕
i=1
Vdi−1 , (2.39)
where {di} are the degrees of invariants of g, so in particular di = i+ 1 for su(n). We then
find
ψρR(q) = PE
[
rank g∑
i
qdi
1− q
]
χgR(fugρ(q)) . (2.40)
For g = su(n), the fugacity assignment associated to the principal embedding takes a
particularly simple form,
fugρ(q) = (q
n−1
2 , q
n−3
2 , . . . q−
n−1
2 ) . (2.41)
Together, eqs. (2.29), (2.40), and (2.41) provide an explicit expression for the structure
constants CR(q).
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Finally, let us recall the procedure for gluing two theories along maximal punc-
tures at the level of the index. Consider two theories T1 = T [g; Cg1,s1 ; {Λi}] and
T2 = T [g; Cg2,s2 ; {Λi}], each of which are assumed to have at least one maximal punc-
ture. We denote their Schur indices as ISchurT1 (q; a, . . .) and ISchurT2 (q; b, . . .), where we have
singled out the dependence on flavor fugacities a and b of the two maximal punctures that
are going to be glued. As usual, gluing corresponds to gauging the diagonal subgroup of
the flavor symmetry G × G associated to the two maximal punctures. The index of the
glued theory is then given by∮
[da]∆(a) IV (q; a) ISchurT1 (q; a, . . .) ISchurT2 (q; a−1, . . .) , (2.42)
where [da] :=
∏r
j=1
daj
2piiaj
, ∆(a) is the Haar measure, and IV (q; a) is the index of an N = 2
vector multiplet in the Schur limit,
IV (q; a) = PE
[ −2q
1− qχadj(a)
]
= Kmax(a; q)
−2 . (2.43)
If we write the indices of T1 and T2 in the form dictated by eq. (2.28), then the contour
integral is rendered trivial because the K-factors in the wave functions that are being glued
cancel against the index of the vector multiplet and the characters χgR are orthonormal with
respect to the Haar measure. The result is that we obtain an expression that takes the
form of eq. (2.28), but with g = g1 + g2 and s = s1 + s2 − 2.
Higgsing and reduction of punctures: superconformal index. We will now argue
that the expression given in eq. (2.35) for the general wavefunction of type Λ is dictated
by the Higgsing procedure if one takes for granted the formula given in eq. (2.38) for the
maximal wavefunction. In fact, the argument we are about to present should be applicable
outside of the narrow context under consideration here, so for some parts of the argument
we will use a fairly general language.
We are interested in the relationship between the Schur limit of the superconformal
index of an N = 2 SCFT and that of the low energy theory at a point on the Higgs branch.
It is a familiar feature of supersymmetric indices that in some sense the only difference
between the indices of UV and IR fixed points is a possible redefinition of fugacities. In
particular, if a renormalization group flow is triggered by a vev that breaks some global
symmetry, then the fugacities dual to the broken generators must be set to zero. Fur-
thermore, if the index is to be interpreted as a superconformal index of the IR fixed point,
then the appropriate R-symmetries that appear in the superconformal algebra of that fixed
point must be identified and the fugacities redefined appropriately.
There are two related obstacles to applying this simple reasoning in many cases. One
is the appearance of accidental symmetries at the IR fixed point. Fugacities dual to the
generators of accidental symmetries cannot be introduced in the UV description of the in-
dex, and so in particular if the superconformal R-symmetry in the IR mixes with accidental
symmetries, then the superconformal index is inaccessible. The second obstacle is the pos-
sible presence of decoupled free fields in addition to the degrees of freedom of interest at
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low energies. These two issues are related because whenever decoupled free fields emerge at
low energies, there will necessarily be an accidental global symmetry that acts just on those
fields, and this symmetry will generally contribute to the superconformal R-symmetry.
In nice cases it is possible to overcome these obstacles and write the superconformal
index of the IR theory in terms of that of the UV fixed point in a fairly simple way.
Sufficient conditions for us to be able to do this are:
• The only accidental symmetries at the IR fixed point are those associated to the
decoupled Nambu-Goldstone bosons of spontaneous symmetry breaking.
• The Cartan generator of the su(2)R symmetry of the IR fixed point, when restricted
to act on operators in the interacting sector, can be identified and written as a linear
combination of UV symmetries.
• The Higgs branch chiral ring operators that become the field operators for Nambu-
Goldstone bosons in the infrared are identifiable, and their quantum numbers with
respect to UV symmetries known.
When these conditions are met, the prescription for computing the index of the IR fixed
point is simple, and amounts to subtracting out the contributions of the decoupled free
fields to the index,
IIR(q; xIR) = lim
xUV→xIR
IUV(q; xUV)
INGB(q; xUV) . (2.44)
Here xUV are the fugacities dual to the UV global symmetries, while xIR are those dual
to the IR global symmetries. The two sets of fugacities are related to one another by
a specialization. The denominator on the right hand side is the index of 12NNGB free
hypermultiplets, where NNGB is the number of complex Nambu-Goldstone bosons at the
chosen locus of the Higgs branch. The only subtlety is that the contributions of these free
hypermultiplets are graded according to the charges of the Higgs branch chiral ring operator
that becomes the field operator for the Nambu-Goldstone boson in the IR, so we have
INGB(xUV; q) := PE
∑
Oi
qROixfOi
1− q
 . (2.45)
The reason that eq. (2.44) involves a limit is that the index will have a pole at the
specialized values of the fugacities. It is easy to see that this will be the case because
operators that acquire expectation values in the Higgs branch vacuum of interest will
always be uncharged under all of the fugacities appearing in the specialized index. This
invariably leads to a divergence in the index.
Now let us return to the specific case of interest: the reduction of punctures in class
S theories. All of the conditions listed above are met. The only accidental symmetries are
those that act only on the decoupled Nambu-Goldstone bosons arising from the spontaneous
breaking of global and scale symmetries. The Cartan generator of the low energy su(2)R
(when restricted to act in the interacting sector) was identified in eq. (2.25). Finally, we
know precisely which operators in the UV theory will become the field operators for the
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Nambu-Goldstone bosons (cf. eq. (2.27)). Consequently we know how these decoupling
operators are acted upon by the UV symmetries.
Describing the index of the (interacting part) of the IR theory resulting from the
Higgsing associated to an embedding Λ in terms of the theory with maximal punctures
is now a simple exercise. The relevant specialization is accomplished by redefining the
su(2)R Cartan in the index according to eq. (2.25), which leads to the replacement rule
x 7→ fugΛ(xΛ; q). The character χgR is regular under this specialization. To check that we
obtain the expected wavefunction for the reduced puncture given in eqs. (2.35) and (2.36)
it only remains to verify that the K-factors behave in the expected manner. The fugacity
replacement in the K-factor of the maximal puncture leads to the following rewriting,
Kmax(a; q) = PE
[
q
1− qχadjg(a)
]
−→ PE
 q
1− q
∑
j
χhΛR(adj)j
(aΛ) χ
su(2)
Vj
(q
1
2 , q−
1
2 )
 , (2.46)
and upon expanding out the character χ
su(2)
Vj
(q
1
2 , q−
1
2 ) =
∑+j
m=−j q
m, we find the expression
Kmax(a; q)→ PE
∑
j
qj+1
1− qχ
hΛ
R(adj)j
(aΛ)
PE
 q
1− q
∑
j
χhΛ
R(adj)j
(aΛ)
+j−1∑
m=−j
qm
 . (2.47)
The first factor here reproduces the K-factor of the reduced flavor puncture given in
eq. (2.36). The second factor is strictly divergent because there are constant terms in
the plethystic exponent. However it is precisely this second factor that is cancelled by the
denominator in eq. (2.44). We have been a little careless in this treatment by making a for-
mal fugacity replacement and then cancelling an infinite factor. A more rigorous treatment
proceeds via the limiting procedure described above, and produces the same result.
3 Chiral algebras of class S
The organization of class S theories in terms of two-dimensional conformal geometry has
important implications for observables of these theories. In particular, any observable that
is independent of exactly marginal couplings should give rise to a (generalized) topological
quantum field theory upon identifying a given theory with its UV curve. As reviewed
above, this insight was originally exploited in the study of the superconformal index [5–8].
Subsequently the strategy was formalized and extended to the case of the (maximal) Higgs
branch in [12]. There it was emphasized that this approach has the additional benefit of
providing a way to study the superstructure of class S with some degree of mathematical
rigor, evading problems associated with the definition of interacting quantum field theories.
The basic idea is summarized in the following commutative diagram.
T [ Cg,s; g; {Λi} ]
{Cg,s; {Λi}} P [ T [ Cg,s; g; {Λi} ] ]
PTg
P ◦ Tg
(3.1)
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For some protected observable P that can be defined for an N = 2 SCFT, one defines
the composition P ◦ Tg that associates the observable in question directly to a UV curve.
When the observable is something relatively simple — like the holomorphic symplectic
manifolds studied in [12] — one should be able to define this composition in a rigorous
fashion without having to define the more complicated Tg-functor at all.
In the present work we take as our “observable” the protected chiral algebra, which is
indeed independent of marginal couplings. The composition χ ◦ Tg has as its image the
chiral algebras of class S, which are labelled by Riemann surfaces whose punctures are
decorated by embeddings Λ : sl(2) ↪→ sl(n). This class of chiral algebras has the form of a
generalized topological quantum field theory.
The aim of this section is to develop a basic picture of the structure of this TQFT
and to characterize it to the extent possible. In the first subsection, we make some general
statements about the implications of the TQFT structure from a physicist’s point of view.
We also make a modest attempt to formalize the predicted structure in a language closer
to that employed in the mathematics literature. In the second subsection, we discuss
the basic building blocks of the TQFT for the su(2) and su(3) cases. We also make a
conjecture about the general case. In the last subsection we make some comments about
the constraints of associativity and possible approaches to solving for the class S chiral
algebras at various levels of generality.
3.1 A TQFT valued in chiral algebras
In a physicist’s language, the type of generalized TQFT we have in mind is specified by
associating a chiral algebra with each of a small number of (topological) Riemann surfaces
with boundary, namely the genus zero surface with one, two, or three boundary circles
(see figure 1).9 We must further give a meaning to the procedure of gluing Riemann
surfaces along common boundaries at the level of the chiral algebra. Self-consistency of
the generalized TQFT then requires that the resulting structure be associative in that it
reflects the equivalence of figure 3.
The full class S structure is more complicated than can be captured by this basic
version of a generalized TQFT due to the possibility of choosing nontrivial embeddings to
decorate the punctures. We can partially introduce this additional structure by allowing
the decorated objects illustrated in figure 2. For our purposes these will be thought of as
decorated versions of the cap and cylinder. In choosing this interpretation, we are ignoring
the fact that in class S one can in certain cases glue along a non-maximal puncture.
This fact plays an important role already in the basic example of Argyres-Seiberg duality
interpreted as a class S duality. These decorated fixtures will also be required to satisfy
certain obvious associativity conditions.
We can define the gluing operation for chiral algebras associated to these elementary
surfaces by knowing a few of the general features of these chiral algebras. Namely, it is
guaranteed that the chiral algebras associated to these surfaces will include affine current
9Strictly speaking, this is a redundant amount of information because composing a trinion with a cap
produces a cylinder. In anticipating the fact that the chiral algebra for the cap is somewhat difficult to
understand, we are considering them independently.
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(a) Cap.
(b) Cylinder.
(c) Trinion.
Figure 1. Elementary building blocks of a two-dimensional TQFT.
[⇤]
(a) Decorated cap.
[⇤]
(b) Decorated cylinder.
Figure 2. Additional building blocks of a class S TQFT.
subalgebras associated to their boundary circles. Indeed, to every full puncture in a class
S theory of type su(n) there is associated an su(n) global symmetry with central charge
k4d = 2n. Correspondingly, the associated chiral algebra will have an ŝu(n)−n affine current
subalgebra. Knowing this, the composition rule for chiral algebras follows more or less
immediately from the rules for gauging reviewed in section 2.1. Two legs with maximal
punctures can be glued by introducing (b, c) ghosts transforming in the adjoint of su(n)
and passing to the cohomology of a BRST operator formed with the diagonal combination
of the two affine current algebras.
Given the fairly involved nature of this gluing operation, associativity for the TQFT as
illustrated in figure 3 is an extremely nontrivial property. Indeed, it is the reflection of gen-
eralized S-duality of the four-dimensional SCFTs of class S at the level of chiral algebras. It
is not a priori obvious that it should even be possible to find chiral algebras for which this
gluing will satisfy the associativity conditions, and the existence of such a family of chiral
algebras is an interesting prediction that follows from the existence of the class S landscape.
For the sake of the mathematically inclined reader, we can now formalize this structure
a bit more to bring the definition of this generalized TQFT into line with the standard
mathematical description. This type of a formalization has also been presented by Yuji
Tachikawa [28] in a lecture shortly following the completion of [13]. The structure in
question is a strict symmetric monoidal functor between two symmetric monoidal categories
that we outline now.
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Figure 3. Associativity of composition of Tn chiral algebras.
The source category. The source category is a decorated version of the usual bordism
category Bo2. It has previously appeared in [12] for the same purpose. In fact, there is
a separate such category for each simply laced Lie algebra g (which for us will always be
su(n) for some n), and we will denote it as Bo
(g)
2 . The category has the following structure:
• The objects of Bo(g)2 are the same as for the Bo2 — they are closed oriented one-
manifolds (i.e., disjoint unions of circles).
• A morphism in Bo2 between two objects B1 and B2 is a two-dimensional oriented
manifold B that is a bordism from B1 to B2. A morphism in Bo
(g)
2 is a morphism
from Bo2 that is additionally decorated by an arbitrary finite number of marked
points {si}, each of which is labelled by an embedding Λi : su(2) ↪→ g.
• Composition is the usual composition of bordisms by gluing along boundaries.
• The symmetric monoidal structure is given by taking disjoint unions.
• This category has duality, which follows from the existence of left- and right-facing
cylinders for which the S-bordisms of figure 4 are equivalent to the identity.
The target category. The target category is a certain category of chiral algebras that
we will call CAg. We define it as follows
• The objects are finite tensor powers of the g affine current algebra at the critical
level. This includes the case where the power is zero, which corresponds to the trivial
chiral algebra for which only the identity operator is present.
Obj(CAg) =
∞∏
n=0
(⊗ngˆ−h∨) .
• Given two objects o1 = ⊗n1 gˆ−h∨ and o2 = ⊗n2 gˆ−h∨ , the morphisms Hom(o1, o2) are
conformal chiral algebras containing o1⊗o2 as a subalgebra. Note that this precludes
a morphism which is just equal to several copies of the critical affine Lie algebra, since
there would be no stress tensor.
• For χ1 ∈ Hom(o1, o2) and χ2 ∈ Hom(o2, o3), the composition χ2 ◦χ1 ∈ Hom(o1, o3)
is obtained by the BRST construction of section 2.1. That is, one first introduces
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Figure 4. Duality and the S-diagram.
dim g copies of the (1, 0) ghost system and then passes to the cohomology of the
nilpotent BRST operator relative to the b-ghost zero modes,
χ2 ◦ χ1 = H∗BRST(ψ ∈ χ1 ⊗ χ2 ⊗ χ(b,c)g
∣∣ b0ψ = 0) .
It is straightforward to show that this composition rule is associative.
• The symmetric monoidal structure is given by taking tensor products of chiral alge-
bras.
• The duality structure in this category is somewhat complicated and involves the
precise form of the chiral algebra that is the image of the cylinder in Hom(S1unionsqS1,∅).
We delay discussion of this chiral algebra until section 5.1. For now, we define a
weaker version of duality — namely that there exists a certain action of (Z2)r on the
collection
∐
p+q=r Hom((gˆ−h∨)
p, (gˆ−h∨)q) that corresponds to the action of changing
external legs of a bordism from ingoing to outgoing and vice versa. This action
is simple to describe. Note that a chiral algebra belonging to the above collection
of Hom spaces can be described as r copies of the critical gˆ current algebra along
with (possibly infinitely many) additional generators transforming as modules. The
primary states of each such module with respect to the affine current algebras will
transform in some representation R1 ⊗ · · · ⊗Rr of the global su(n)r symmetry. The
duality action associated to flipping the i’th leg of a bordism then acts as Ri 7→ R∗i ,
and this action lifts to the full chiral algebra in the obvious way.
The functor. A chiral algebra-valued TQFT of type g can now be defined as a functor
that realizes the horizontal arrow in diagram (3.1),
χ ◦ T : Bo(g)2 → CAg .
The image of such a functor in CAg defines a very interesting set of chiral algebras. The
necessary ingredients to define this functor are those outlined in the previous discussion.
Namely, we need to specify the images of the basic topological Riemann surfaces in figure 1
and the decorated versions in figure 2. In order for this to be a functor, the composition
of Riemann surfaces with three boundary components must be associative in the sense of
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figure 3. A similar associativity condition is obtained by replacing any of the boundary
components in figure 3 with a general decoration Λ.
The problem of including decorations can be self-consistently ignored in order to focus
on the subproblem in which the source category is the more traditional bordism category
Bo2. In the remainder of this section we will address the problem of understanding this
more basic version of the TQFT, sometimes with the addition of simple punctures, but not
the most general case. The addition of arbitrary decorations will be discussed in section 4.
3.2 Lagrangian class S building blocks
The basic building blocks of class S SCFTs are the theories associated to spheres with three
punctures. Of these, the simplest case is the theory with two maximal punctures and one
minimal puncture. This is the only regular configuration which gives rise to a Lagrangian
theory for arbitrary choice of ADE algebra. For the su(n) theory, it is the theory of n2
free hypermultiplets, so the associated chiral algebra is the theory of n2 symplectic boson
pairs [13]. Though this chiral algebra has a full usp(2n2) symmetry, it is natural to use a
basis which makes manifest the su(n)1×su(n)2×u(1) symmetry associated to the punctures,
qia(z)q˜
b
j(0) ∼
δijδ
b
a
z
, i = 1, . . . , n a = 1, . . . , n . (3.2)
The currents generating the puncture symmetries are the chiral algebra relatives of the
moment map operators in the free hypermultiplet theory,
(Jsu(n)1)
i
j(z) := − (qiaq˜aj )(z) +
1
n
δji (q
k
a q˜
a
k)(z) ,
(Jsu(n)2)
b
a(z) := − (qiaq˜bi )(z) +
1
n
δba(q
i
cq˜
c
i )(z) ,
Ju(1)(z) := − (qiaq˜ai )(z) .
(3.3)
The su(n) current algebras are each at level ksu(n) = −n. Additionally, the canonical stress
tensor for this chiral algebra descends from the su(2)R current of the free hypermultiplet
theory
T (z) := (qai ∂q˜
i
a)(z)− (q˜ia∂qai )(z) . (3.4)
The central charge of the Virasoro symmetry generated by this operator is given by
c = −n2.
These Lagrangian building blocks can be used to build up the chiral algebras associated
to any of the Lagrangian class S theories, i.e., to those theories constructed from linear
or circular quivers. For example, the chiral algebras for N = 2 superconformal QCD were
studied in [13], and these theories are constructed from a pair of these free field trinions
by gauging a single su(n) symmetry. The TQFT structure associated to these Lagrangian
theories is already quite interesting, but we will not dwell on the subject here since these
Lagrangian constructions are only the tip of the iceberg for class S. Indeed, from an
abstract point of view there is a different set of theories that are the most natural starting
point for an investigation of class S chiral algebras. These are the chiral algebras associated
to spheres with three maximal punctures.
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n 2 3 4 5 6 7
c2d − 4 −26 −78 −172 −320 −534
Table 2. Central charges of the chiral algebras χ[Tn] for small values of n.
3.3 Trinion chiral algebras
Our first order of business should then be to understand the elementary building blocks
for class S chiral algebras of type g = su(n), which are the trinion chiral algebras χ[Tn].
In this section we will try to outline the general properties of these chiral algebras. It
is possible that these properties will actually make it possible to fix the chiral algebras
completely. It is a hard problem to characterize these algebras for arbitrary n. Doing so
implicitly involves fixing an infinite amount of CFT data (i.e., operator dimensions and
OPE coefficients) for the Tn SCFTs, and this data is apparently inaccessible to the usual
techniques used to study these theories. Nevertheless, many properties for these chiral
algebras can be deduced from the structure of the χ map and from generalized S-duality.
Central charge. From the general results reviewed in section 2.1, we know that the
chiral algebra of any Tn theory should include a Virasoro subalgebra, the central charge of
which is determined by the c-type Weyl anomaly coefficient of the parent theory according
to the relation c2d = −12c4d. The central charges of the Tn theories have been computed
in [29], and from those results we conclude that the corresponding chiral algebras will have
Virasoro central charges given by
c2d(χ[Tn]) = −2n3 + 3n2 + n− 2 . (3.5)
For any value of n the Virasoro central charge predicted by this equation is an even negative
integer. These chiral algebras will necessarily be non-unitary, as is always the case for
the protected chiral algebras of four-dimensional theories. For reference, we display the
Virasoro central charges for χ[Tn] for low values of n in table 2.
Affine current subalgebras. Global symmetries of the Tn theories imply the presence of
chiral subalgebras that are isomorphic to the affine current algebras for the same symmetry
algebra. The levels k2d of these affine current algebras are fixed in terms of the four-
dimensional flavor central charges k4d according to k2d = −12k4d. The Tn theories have
su(n)3 global symmetry with each su(n) factor associated to one of the punctures on the
UV curve. The flavor central charge for each su(n) is given by k4d = 2n. Consequently,
the chiral algebras χ[Tn] will have affine current subalgebras of the form
ŝu(n)−n × ŝu(n)−n × ŝu(n)−n ⊂ χ[Tn] . (3.6)
Note that k2d = −n is the critical level for an ŝu(n) current algebra, which means that the
Sugawara construction of a stress tensor fails to be normalizable. The chiral algebras χ[Tn]
will still have perfectly good stress tensors, but they will not be given by the Sugawara
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construction. Precisely the critical affine current algebra su(n)−n has been argued in [15]
to describe the protected chiral algebra that lives on maximal codimension two defects
of the six-dimensional (2, 0) theory in flat six dimensional space. Its reappearance as a
subalgebra of the class S chiral algebra is then quite natural. It would be interesting
to develop a better first-principles understanding of the relationship between BPS local
operators supported on codimension two defects in six dimensions and local operators in
the class S theories obtained by compactification in the presence of said defects.
Chiral algebra generators from the Higgs branch. A definitive characterization of
the generators of the protected chiral algebra in terms of the operator spectrum of the
parent theory is presently lacking. However, as we reviewed in section 2.1, any generator
of the Hall-Littlewood chiral ring is guaranteed to a generator of the chiral algebra. For the
Tn theories, the Hall-Littlewood chiral ring is actually the same thing as the Higgs branch
chiral ring due to the absence of D and D¯ multiplets in genus zero class S theories. The
list of generators of the Higgs branch chiral ring is known for the Tn theories, so we have
a natural first guess for the list of generators of these chiral algebras.
In the interacting theories (all but the T2 case), the moment map operators for the
flavor symmetry acting on the Higgs branch are chiral ring generators. The corresponding
chiral algebra generators are the affine currents described above. There are additional
generators of the form [23]
QI1I2I3(`) , ` = 1, · · · , n− 1 . (3.7)
These operators are scalars of dimension ∆ = `(n− `) that transform in the ∧` representa-
tion (the `-fold antisymmetric tensor) of each of the su(n) flavor symmetries. There must
therefore be at least this many additional chiral algebra generators. We may denote these
chiral algebra generators as
W I1I2I3(`) (z) , I = [i1 · · · i`] , i∗ = 1, . . . , n . (3.8)
These operators will have dimension h` =
1
2`(n − `), so for n > 3 we are guaranteed to
have non-linear chiral algebras.
For n > 3 the stress tensor must be an independent generator of the chiral algebra.
This is because the stress tensor can only be a composite of other chiral algebra operators
with dimension h 6 1. For an interacting theory there can be no chiral algebra operators
of dimension h = 1/2, so the only possibility is that the stress tensor is a Sugawara stress
tensor built as a composite of affine currents. This can only happen if the su(n)3 symme-
try is enhanced, since as we have seen above the affine currents associated to the su(n)
symmetries are at the critical level and therefore do not admit a normalizable Sugawara
stress tensor. Such an enhancement of the flavor symmetry only happens for the n = 3
case, as will be discussed in greater detail below.
Let us now consider the two simplest cases of trinion chiral algebras: n = 2 and n = 3.
These are both exceptional in some sense compared to our expectations for generic n, which
will ultimately make them easier to work with in our examples.
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3.3.1 The χ[T2] chiral algebra
In the rank one case, the trinion SCFT is a theory of free hypermultiplets. This case is ex-
ceptional compared to the general free hypermultiplets discussed in section 3.2 because for
su(2) the maximal puncture and minimal puncture are the same, so the minimal puncture
also carries an su(2) flavor symmetry, and instead of n2 hypermultiplets transforming in the
bifundamental of su(n)× su(n), one instead describes the free fields as 23 = 8 half hyper-
multiplets transforming in the trifundamental representation of su(2)3. Consequently the
symplectic bosons describing this theory are organized into a trifundamental field qabc(z)
with a, b, c = 1, 2, with OPE given by
qabc(z)qa′b′c′(w) ∼ aa
′bb′cc′
z − w . (3.9)
Each of the three su(2) subalgebras has a corresponding ŝu(2)−2 affine current algebra in
the chiral algebra. For example, the currents associated to the first puncture are given by
J+1 (z) :=
1
2
bb
′
cc
′
(q1bcq1b′c′)(z) ,
J−1 (z) :=
1
2
bb
′
cc
′
(q2bcq2b′c′)(z) ,
J 01 (z) :=
1
4
bb
′
cc
′[
(q1bcq2b′c′)(z) + (q2bcq1b′c′)(z)
]
.
(3.10)
The currents associated to the second and third punctures are constructed analogously.
The stress tensor is now given by
T (z) := aa
′
bb
′
cc
′
(qabc∂qa′b′c′)(z) , (3.11)
with corresponding Virasoro central charge given by c2d = −4.
In this simple case it is easy to explicitly compare the Schur superconformal index
for the T2 theory with the vacuum character of the chiral algebra. The Schur index has
appeared explicitly in, e.g., [6]. It is given by a single plethystic exponential,
I(q; a,b, c) = PE
[
q
1
2
1− qχ(a)χ(b)χ(c)
]
. (3.12)
This is easily recognized as the vacuum character of the symplectic boson system defined
here. The only comment that needs to be made is that there are no null states that have
to be removed from the freely generated character of the symplectic boson algebra. In the
next example this simplifying characteristic will be absent.
Crossing symmetry, or associativity of gluing, was investigated for this chiral algebra
in [13]. There it was proposed that the complete chiral algebra obtained when gluing two
copies of χ[T2] is the ŝo(8) affine current algebra at level kso(8) = −2, and this proposal was
checked up to level h = 5. If the chiral algebra of the four-punctured sphere is precisely
this current algebra, then the crossing symmetry relation is implied immediately. This is
because the so(8) current algebra has an automorphism as a consequence of triality that
exchanges the su(2) subalgebras in accordance with figure 3. If one could prove that the
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solution to the BRST problem for this gluing is the ŝo(8) current algebra, one would there-
fore have a proof of generalized S-duality at the level of the chiral algebra for all rank one
theories of class S. We hope that such a proof will turn out to be attainable in the future.
3.3.2 The χ[T3] chiral algebra
The T3 theory is the rank-one e6 theory of Minahan and Nemeschanksky [30]. Before
describing its chiral algebra, let us list a number of known properties of this theory.
• The a and c4d anomaly coefficients are known to be given by a = 4124 and c4d = 136 .
• The global symmetry is e6, for which the flavor central charge is ke6 = 6. This
is an enhancement of the su(3)3 symmetry associated with the punctures. It can
be understood as a consequence of the fact that the extra Higgs branch generators
have dimension two in this case, which means that they behave as moment maps for
additional symmetry generators.
• The Higgs branch of this theory is the e6 one-instanton moduli space, which is the
same thing as the minimal nilpotent orbit of e6. This property follows immediately
from the realization of this theory as a single D3 brane probing an e6 singularity in
F-theory.
• A corollary of this characterization of the Higgs branch is that the Higgs branch
chiral ring is finitely generated by the moment map operators µA for A = 1, . . . , 78,
subject to the Joseph relations (see e.g. [31]),
(µ⊗ µ)∣∣
1⊕650 = 0 .
• The superconformal index of the T3 theory was computed in [7]. This leads to a
formula for the Schur limit of the index given by
IT3(q) = 1 + q χ[0,0,0,0,0,1]
+ q2 (χ[0,0,0,0,0,2] + χ[0,0,0,0,0,1] + 1)
+ q3 (χ[0,0,0,0,0,3] + χ[0,0,0,0,0,2] + χ[0,0,1,0,0,0] + 2 χ[0,0,0,0,0,1] + 1)
+ q4 (χ[0,0,0,0,0,4] + χ[0,0,0,0,0,3] + χ[0,0,1,0,0,1] + 3 χ[0,0,0,0,0,2]
+ χ[0,0,1,0,0,0] + χ[1,0,0,0,1,0] + 3 χ[0,0,0,0,0,1] + 2)
+ . . .
where we denoted the e6 representations by their Dynkin labels and suppressed the
fugacity-dependence.
The only chiral algebra generators that are guaranteed to be present on general grounds
are the seventy-eight affine currents that descend from the four-dimensional moment map
operators. The level of the affine current algebra generated by these operators will be
k = −3. Note that this is not the critical level for e6. The su(3)3 symmetry associated
to the punctures is enhanced, and criticality of the subalgebras does not imply criticality
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of the enhanced symmetry algebra. For this reason, it is possible to construct a Sugawara
stress tensor for the current algebra that is properly normalized, and indeed the correct
value of the central charge is given by
c2d = −26 = −3 dim(e6)−3 + h∨e6
= cSugawara . (3.13)
One then suspects that the chiral algebra does not have an independent stress tensor as a
generator, but instead the Sugawara construction yields the true stress tensor. Indeed, this
was proven in [13] to follow from the saturation of certain unitarity bounds by the central
charges of this theory.
This leads to a natural proposal for the χ[T3] chiral algebra that was already put
forward in [13]. The proposal is that the correct chiral algebra is simply the ê6 affine
current algebra at level k = −3. The singular OPEs of the seventy-eight affine currents are
fixed to the canonical form,10
JA(z)JB(0) ∼ −3 δAB
z2
+
f CAB JC(0)
z
. (3.14)
It is natural to consider the subalgebra su(3)3 ⊂ e6 associated to the three punctures on
the UV curve and to decompose the currents accordingly. The adjoint representation of e6
decomposes as
78 −→ (8,1,1) + (1,8,1) + (1,1,8) + (3,3,3) + (3¯, 3¯, 3¯) . (3.15)
The affine currents are therefore rearranged into three sets of su(3) affine currents along
with one tri-fundamental and one tri-antifundamental set of dimension one currents,
JA(z) −→
{
(J1) a
′
a (z) , (J
2) b
′
b (z) , (J
3) c
′
c (z) , Wabc(z) , W˜
abc(z)
}
. (3.16)
The singular OPEs for this basis of generators are listed in appendix A. It is perhaps
interesting to note that given this list of generators and the requirement that the su(3)
current algebras are all at the critical level, the only solution to crossing symmetry for the
chiral algebra that includes no additional generators is the ê6 current algebra with k =
−3. So the chiral algebra is completely inflexible once the generators and their symmetry
properties are specified.
A nice check of the whole story is that the Joseph relations are reproduced automati-
cally by the chiral algebra. For the non-singlet relation, this follows in a simple way from
the presence of a set of null states in the chiral algebra.∣∣∣∣PAB650(JAJB)(z)∣∣∣∣2 = 0 ⇐⇒ (µ⊗ µ)∣∣650 = 0 , (3.17)
where PAB650 is a projector onto the 650 representation. These states are only null at this
particular value of the level, so we see a close relationship between the flavor central charge
10Our conventions are that the roots of e6 have squared length equal to two.
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and the geometry of the Higgs branch. Similarly, the singlet relation follows from the
identification of the Sugawara stress tensor with the true stress tensor of the chiral algebra,
T (z) =
1
−3 + h∨ (JAJA)(z) ⇐⇒ (µ⊗ µ)
∣∣
1
= 0 . (3.18)
So in this relation we see that the geometry of the Higgs branch is further tied in with the
value of the c-type central charge in four dimensions.
Note that these successes at the level of reproducing the Higgs branch chiral ring
relations follow entirely from the existence of an ê6 current algebra at level k = −3 in
the chiral algebra. However what is not necessarily implied is the absence of additional
chiral algebra generators transforming as some module of the affine Lie algebra. We can
test the claim that there are no additional generators by comparing the partition function
of the current algebra to the Schur limit of the superconformal index for T3 (cf. [7]).
11
This comparison is made somewhat difficult by the fact that affine Lie algebras at negative
integer dimension have complicated sets of null states in their vacuum module, and these
must be subtracted to produce the correct index. The upshot is that up to level four, the
vacuum character does indeed match the superconformal index. In order for this match to
work, it is crucial that the ê6 current algebra has certain null states at the special value
k = −3. In table 3, we show the operator content up to level four of a generic ê6 current
algebra along with the subtractions that occur at this particular value of the level. It is
only after making these subtractions that the vacuum character matches the Schur index.
Thus we conclude that if there are any additional generators of the χ[T3] chiral algebra,
they must have dimension greater than or equal to five.
A more refined test of our identification of the χ[T3] chiral algebra comes from the
requirement of compatibility with Argyres-Seiberg duality [32]. The meaning of Argyres-
Seiberg duality at the level of the chiral algebra is as follows. Introduce a pair of symplectic
bosons transforming in the fundamental representation of an su(2) flavor symmetry,
qα(z)q˜
β(0) ∼ δ
β
α
z
, α, β = 1, 2 . (3.19)
In this symplectic boson algebra one can construct an su(2) current algebra at level k = −1.
Now take the e6 current algebra and consider an su(2)×su(6) ⊂ e6 maximal subalgebra. The
su(2) current algebra coming from this subalgebra has level k = −3. Thus the combined
level of the symplectic-boson-plus-χ[T3] system is ktot = −4, and consequently this current
algebra can be gauged in the manner described in section 2.1 by introducing a (b, c) ghost
system in the adjoint of su(2) and passing to the cohomology of the appropriate BRST
operator. The resulting chiral algebra should be identical to the chiral algebra obtained by
taking two copies of the n = 3 free hypermultiplet chiral algebra of section 3.2 and gauging
a diagonal su(3) current algebra. This comparison is detailed in appendix A.
Although we have not been able to completely prove the equivalence of these two chiral
algebras (the BRST problem for this type of gauging is not easy to solve), we do find the
11Because the current algebra is entirely bosonic, the Z2 graded vacuum character is the same as the
ungraded vacuum character. Indeed, it is a prediction of our identification of the χ[T3] chiral algebra that
there are no cancellations in the Schur index between operators that individually contribute.
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dimension e6 representations with multiplicities mgeneric/mk=−3
0 1 × [0,0,0,0,0,0]
1 1 × [0,0,0,0,0,1]
2 1 × [0,0,0,0,0,2], 1/0× [1,0,0,0,1,0], 1 × [0,0,0,0,0,1], 1 × [0,0,0,0,0,0]
3 1 × [0,0,0,0,0,3], 1/0× [1,0,0,0,1,1], 1 × [0,0,0,0,0,2], 2/1× [0,0,1,0,0,0],
2/0× [1,0,0,0,1,0], 3/2× [0,0,0,0,0,1], 1 × [0,0,0,0,0,0]
4 1 × [0,0,0,0,0,4], 1/0× [1,0,0,0,1,2], 1/0× [2,0,0,0,2,0], 1 × [0,0,0,0,0,3],
2/1× [0,0,1,0,0,1], 1/0× [0,1,0,1,0,0], 3/0× [1,0,0,0,1,1], 2/0× [1,1,0,0,0,0],
2/0× [0,0,0,1,1,0], 5/3× [0,0,0,0,0,2], 3/1× [0,0,1,0,0,0], 6/1× [1,0,0,0,1,0],
6/3× [0,0,0,0,0,1], 3/2× [0,0,0,0,0,0]
Table 3. The operator content of the e6 current algebra up to dimension four. The first multiplicity
is valid for generic values of the level, i.e., any value of k where null states are completely absent.
The second multiplicity is valid for k = −3, and if no second multiplicity is given then the original
multiplicity is also the correct one for k = −3. These latter multiplicities precisely reproduce the
coefficients appearing in the Schur superconformal index for the T3 theory.
following. On each side of the duality, we are able to determine the generators of dimensions
h = 1 and h = 3/2 which amount to a û(6)−6 current algebra in addition to a pair of
dimension h = 32 generators transforming in the tri-fundamental and tri-antifundamental
representations of u(6), with singular OPEs given by
bi1i2i3(z)b˜
j1j2j3(0) ∼
36 δ
[j1
[i1
δ
j2
i2
δ
j3]
i3]
z3
−
36 δ
[j1
[i1
δ
j2
i2
Jˆ
j3]
i3]
(0)
z2
+
18 δ
[j1
[i1
Jˆ
j2
i2
Jˆ
j3]
i3]
(0)− 18 δ[j1[i1 δ
j2
i2
∂Jˆ
j3]
i3]
(0)
z
.
(3.20)
Thus these operators in addition to the u(6) currents form a closed W-algebra which is
common to both sides of the duality. We expect that these W-algebras are in fact the
entire chiral algebras in question. However, it should be noted that the existence of this
W-algebra actually follows from what we have established about the χ[T3] chiral algebra
without any additional assumptions. That is to say, the possible addition of generators of
dimension greater than four could not disrupt the presence of thisW-algebra. In this sense,
common appearance of this algebra can be taken as a check of Argyres-Seiberg duality that
goes well beyond the check of [31] at the level of the Higgs branch chiral ring. It not only
implies a match of a much larger set of operators than just those appearing in the chiral
ring, but it also amounts to a match of the three-point functions for those operators, which
include the Higgs branch chiral ring operators.
Finally, let us mention one last consistency check on the identification of χ[T3] to
which we will return in section 4.4. When one of the three maximal punctures of the
T3 theory is reduced to a minimal puncture by Higgsing, the resulting theory is simply
that of nine free hypermultiplets transforming in the bifundamental representation of the
remaining su(3) × su(3) flavor symmetry (along with a u(1) baryon number symmetry
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associated to the minimal puncture). Therefore if we have correctly identified the χ[T3]
chiral algebra, then it should have the property that when the corresponding reduction
procedure is carried out, the result is the symplectic boson chiral algebra of section 3.2.
The proposal we have given will indeed pass this check, but we postpone the discussion
until after we present the reduction procedure in section 4.
3.3.3 A proposal for χ[Tn]
We have seen above that for ranks one and two, the trinion chiral algebras are finitely
generated (in the chiral algebra sense) by currents that descend from four-dimensional
generators of the Higgs branch chiral ring. We know from the results of [13] that this
cannot be a characterization that holds true for the chiral algebra of an arbitrary N = 2
SCFT. Moreover, in an interacting theory where the su(n)3 symmetry is not enhanced to
a larger global symmetry algebra, the chiral algebra stress tensor cannot be the Sugawara
stress tensor of the dimension one currents. This follows from the fact that the su(n)
current algebras are at the critical level, so the Sugawara construction fails to produce
an appropriate stress tensor. Therefore there must be at least an additional generator
corresponding to the stress tensor. The results of [33] further suggest that there should be
additional generators in one-to-one correspondence with the generators of the Wn algebra
— i.e., generators of dimensions 3, . . . , n − 1. Aside from that, however, there is room to
hope that there will be no additional generators for the trinion chiral algebras. One piece
of partial evidence in favor of this suggestion is the absence of additional HL chiral ring
generators on top of those generating the Higgs branch chiral ring. This follows from the
fact that the Tn theories have genus zero UV curves. Taking this as sufficient reason to
formulate a conjecture, we propose the following:12
Conjecture 1 (Tn>3 chiral algebras) The protected chiral algebra of the Tn SCFT for
any n > 3 is a W-algebra with the following generators
• Three sets of su(n)3 affine currents at the critical level k = −n.
• One current of dimension 12`(n− `) transforming in the (∧`,∧`,∧`) representation of
su(n)3 for each ` = 1, . . . , n− 1.
• Operators Wi, i = 1, . . . , n − 1 of dimension i + 1 that are su(n)3 singlets. The
dimension two operator is identified as a stress tensor W1(z) ≡ T (z) with Virasoro
central charge equal to c2d = −2n3 + 3n2 + n − 2. In special cases some of these
operators may be redundant.
At any n > 4, the very existence of such a W-algebra is quite nontrivial, since for a
randomly chosen set of generators one doesn’t expect to be able to solve the associated
Jacobi identities. In fact if the singular OPEs of such aW-algebra can be chosen so that the
algebra is associative, it seems likely that the requirements of associativity will completely
12This conjecture is different from the one that appeared in the earliest version of this paper. It has been
changed to reflect the results of [33], where the original version of the conjecture was ruled out and replaced
by the modified version that appears here.
– 31 –
J
H
E
P
0
5
(
2
0
1
5
)
0
2
0
L
R
=)
Figure 5. Gluing together maximal punctures.
fix the structure constants, rendering the chiral algebra unique. It is worth observing that
precisely such uniqueness occurs in the case of the T3 chiral algebra. The characterization
given by the conjecture above for n = 3 doesn’t explicitly imply e6 symmetry enhancement,
but the unique chiral algebra satisfying the requirements listed is precisely the e6 current
algebra at the appropriate level. A similar uniqueness result is currently under investigation
for the T4 chiral algebra [33].
Before moving on, let us extrapolation a bit from Conjecture 1 to make a further
conjecture that, while not extremely well-supported, is consistent with everything we know
at this time.
Conjecture 2 (Genus zero chiral algebras) The protected chiral algebra of any class
S SCFT of type An whose UV curve has genus zero is a W-algebra with singlet generators
Wi, i = 1, . . . , n of dimension i + 1 and additional currents associated to Higgs branch
chiral ring generators of the four-dimensional theory. In special cases some of the Wi may
be related to composites — in particular when the central charge is equal to its Sugawara
value with respect to the affine currents, then the stress tensor W1(z) is a composite.
The modest evidence in favor of this proposal is that genus zero theories have honest
Higgs branches with no residual U(1) gauge fields in the IR, so they don’t have any of the
additional N = 1 chiral ring generators discussed in section 2.1. Additionally the examples
of [13] for which there were chiral algebra generators unrelated to four-dimensional chiral
ring generators was a genus one and two theories. It would be interesting to explore this
conjecture further, even in the Lagrangian case.
3.4 A theory space bootstrap?
Chiral algebras of general theories with maximal punctures can be constructed from the
Tn chiral algebra by means of the BRST procedure reviewed in section 2.1. Namely, let us
suppose that we are handed the chiral algebra T associated to some (possibly disconnected)
UV curve with at least two maximal punctures, that we will label L and R. The chiral
algebra associated to the UV curve where these two punctures are glued together, which
we will call Tglued is obtained in two steps. We first introduce a system of n2−1 (b, c) ghost
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pairs of dimensions (1, 0),
bA(z)c
B(w) ∼ δ
B
A
z − w , A,B = 1, . . . , n
2 − 1 . (3.21)
These are taken to transform in the adjoint representation of su(n), and we can construct
the su(n) affine currents for that symmetry accordingly,
JbcA (z) := −f CAB (cBbC)(z) . (3.22)
The ghost current algebra has level k
(b,c)
2d = 2h
∨ = 2n. The chiral algebra of the glued con-
figuration is now defined in terms of the ghosts and the chiral algebra of the original system
by the BRST procedure of section 2.1. In addition to su(n) currents coming from the ghost
sector, there will be two more su(n) currents JLA(z) and J
R
A (z) associated to the two punc-
tures being glued. A nilpotent BRST operator is defined using these various su(n) currents,
QBRST :=
∮
dz
2pii
jBRST(z) , jBRST(z) := (c
AJLA)(z)+(c
AJRA )(z)+
1
2
(cAJbcA )(z) . (3.23)
The nilpotency of QBRST requires that the sum of the levels of the two matter sector affine
currents be given by kL + kR = −2h∨. As usual, this is a reflection of the requirement
that the beta function for the newly introduced four-dimensional gauge coupling vanishes.
The new chiral algebra is given by
χ[Tglued] = H∗BRST
[
ψ ∈ χ[T ]⊗ χ(b,c) | b0ψ = 0
]
. (3.24)
Using this gluing procedure, one may start with a collection of disconnected χ[Tn] chiral
algebras and build up the chiral algebra for an arbitrary generalized quiver diagram with
maximal punctures.
The deepest property of the chiral algebras obtained in this manner, which is also the
principal condition that must be imposed in order for the map described in the previous
section to be a functor, is that they depend only on the topology of the generalized quiver.
Of course this is the chiral algebra reflection of generalized S-duality in four dimensions,
and follows from the more elementary requirement that the gluing described here is
associative (alternatively, crossing-symmetric) in the manner represented pictorially in
figure 3. This is a very strict requirement, and it is conceivable that the χ[Tn] chiral
algebras might be the unique possible choices for the image of the trinion in CAsu(n) that
satisfy this condition. Indeed, this requirement of theory-space crossing symmetry imposes
a strong constraint on any proposal for the χ[Tn] chiral algebras. For the χ[T3] theory,
where we have a proposal for the chiral algebra, it would be interesting to investigate
this associativity condition. For the general case, it is interesting to ask whether this
constraint might help to determine the appropriate trinion chiral algebras. At present, we
see no obvious strategies that would utilize this direct approach.
Although we will have more to say about reduced punctures in section 4, we should
point out that the associativity conditions described here apply equally well to the case
when not all punctures are maximal. A particularly interesting case that we can consider
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Figure 6. Associativity with respect to gluing in free hypermultiplets.
immediately is when one puncture is minimal. In this case, the requirement of associa-
tivity is the one illustrated in figure 6. This relation is interesting because the theory
with two maximal punctures and one minimal puncture is a known quantity — the free
hypermultiplet chiral algebra of section 3.2 — and so the relation amounts to probing the
unknown trinion chiral algebra by coupling it to a known theory. One may hope that this
is a sufficient condition in place of the full Tn associativity from which to try to bootstrap
the class S chiral algebras. In fact, as we will see in the next section, this condition does
follow directly from the full puncture condition, though the converse is not obvious.
Leaving direct approaches to the theory space bootstrap as an open problem, let us
note that associativity combined with the conjectures of the previous subsection provide
a very constraining framework within which we can attempt to characterize various class
S chiral algebras. Namely, Conjecture 2 suggests a list of generators for an arbitrary
genus zero chiral algebra, and the requirement of associativity implies the presence of an
automorphism that acts as permutations on the su(n) subalgebras associated to the various
punctures. This permutation symmetry vastly constrains the possible OPE coefficients of
the aforementioned generators, which leads to a straightforward problem of solving the
Jacobi identities for such a chiral algebra.
As a simple example of this approach, let us consider the rank one chiral algebra
associated to the sphere with five punctures. In this case, the chiral algebra generators
associated to Higgs branch chiral ring generators are five sets of su(2) affine currents at level
k = −2 along with a single additional generator of dimension h = 3/2 with a fundamental
index with respect to each su(2) symmetry. Since this is a generic case, the stress tensor
will be an independent generator. If Conjecture 2 is correct, then there should be a W-
algebra with precisely these generators that, due to associativity, has an S5 automorphism
group that acts as permutations on the five su(2) subalgebras. Consequently, the number
of independent parameters in the singular OPE of the W-algebra generators is quite small.
The only singular OPE not fixed by flavor symmetries and Virasoro symmetry is that of
two copies of the quinfundamental field,
Qabcde(z)Qa′b′c′d′e′(w) ∼ aa′bb′cc′dd′ee′
(z − w)3 +
α(Jaa′bb′cc′dd′ee′ + permutations)
(z − w)2 +
(β T + γ(ff
′
f
′′f ′′′Jff ′′Jf ′f ′′′ + 4 more))aa′bb′cc′dd′ee′
(z − w) +
ζ(∂Jaa′bb′cc′dd′ee′ + permutations)
z − w +
η(Jaa′Jbb′cc′dd′ee′ + permutations)
(z − w) . (3.25)
The parameters α, β and ζ are constrained in terms of the central charges c = −24 and
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k = −2 by comparing with the 〈QQT 〉 and 〈QQJ〉 three-point functions:
− 8β + 20 γ = 1 , ζ = 1
4
, α =
1
2
. (3.26)
This leaves a total of two adjustable parameters, which we may take to be {γ, η}. It is
a highly nontrivial fact then that the Jacobi identities for this W-algebra can indeed be
solved for a unique choice of these parameters,
γ = − 1
20
, η =
1
4
. (3.27)
Interestingly, this solution of crossing symmetry is special to the su(2) level taking the
critical value k = −2 and the Virasoro central charge taking the expected value c2d = −24.
Had we not fixed them by hand, we could have derived them from crossing symmetry here.
We consider the existence and uniqueness of this solution as strong evidence in favor
of the validity of Conjecture 2 in this instance, seeing as the existence of such a W-algebra
would otherwise be somewhat unexpected. Indeed, this characterization of the class S
chiral algebras becomes all the more invaluable for non-Lagrangian theories. See [33] for a
discussion of the case of χ[T4].
4 Reduced punctures
The Tn building blocks outlined in section 3.3 only allow us to construct class S chiral
algebras associated to undecorated UV curves, while the inclusion of the free hypermultiplet
chiral algebras of section 3.2 allow for decoration by minimal punctures only. The purpose
of this section is to develop the tools necessary to describe theories that correspond to UV
curves with general non-trivial embeddings decorating some of their punctures.
From the TQFT perspective, the most natural way to introduce the necessary addi-
tional ingredients is to find a chiral algebra associated to the decorated cap of figure 2a.
This turns out not to be the most obvious approach from a physical perspective since
the cap doesn’t correspond to any four-dimensional SCFT.13 Rather, it is more natural to
develop a procedure for reducing a maximal puncture to a non-maximal that mimics the
Higgsing procedure reviewed in section 2.2. Naively, the four-dimensional Higgsing pre-
scription need not lead to a simple recipe for producing the chiral algebra of the Higgsed
theory in terms of that of the original theory. This is because the Higgsing spontaneously
breaks the superconformal symmetry that is used to argue for the very existence of a chiral
algebra, with the theory only recovering superconformal invariance in the low energy limit.
Consequently one could imagine that the Higgsing procedure irrecoverably requires that
we abandon the chiral algebraic language until reaching the far infrared.
Nevertheless, it turns out that the chiral algebra does admit its own Higgsing procedure
that has the desired result. Such a procedure cannot literally amount to Higgsing in the
chiral algebra, because quantum mechanically in two dimensions there are no continuous
13It does however correspond to a true compactification of the six-dimensional (2, 0) theory [34]. We will
return to the notion of such a decorated cap in section 5.2.
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moduli spaces of vacua. The best that we can do is to try to impose a quantum-mechanical
constraint on the chiral algebra. A natural expectation for the constraint is that it should
fix to a non-zero value the chiral algebra operator that corresponds to the Higgs branch
chiral ring operator that gets an expectation value. This means imposing the constraint
Jα−(z) = A , (4.1)
where Tα− = Λ(t−). Here A is a dimensionful constant that will be irrelevant to the final
answer as long as it is nonzero. We might also expect that we should constrain some
of the remaining currents to vanish. A motivation for such additional constraints is that
when expanded around the new vacuum on the Higgs branch, many of the moment map
operators become field operators for the Nambu-Goldstone bosons of spontaneously broken
flavor symmetry, and we want to ignore those and focus on the chiral algebra associated
to just the interacting part of the reduced theory.
There happens to be a natural conjecture for the full set of constraints that should be
imposed. This conjecture, which was already foreshadowed in [13], is as follows:
Conjecture 3 The chiral algebra associated to a class S theory with a puncture of type
Λ is obtained by performing quantum Drinfeld-Sokolov (qDS) reduction with respect to the
embedding Λ on the chiral algebra for the theory where the same puncture is maximal.
Quantum Drinfeld-Sokolov in its most basic form is a procedure by which one obtains a new
chiral algebra by imposing constraints on an affine Lie algebra gˆ, with the constraints being
specified by an embedding Λ : su(2) ↪→ g. In the case of interest to us, the chiral algebra on
which we will impose these constraints is generally larger than just an affine Lie algebra.
Nevertheless, these constraints can still be consistently imposed in the same manner. This
conjecture therefore amounts to a choice of the additional constraints beyond (4.1) that
should be imposed in order to reduce a puncture. It is interesting to note that the right
set of constraints will turn out to fix only half of the currents that are expected to become
Nambu-Goldstone bosons. We will see that the removal of the remaining Nambu-Goldstone
bosons occurs in a more subtle manner.
Before delving into the details, we should make the observation that this answer is not
unexpected in light of the pre-existing connections between non-maximal defects in the
(2, 0) theory and qDS reduction [22, 35]. Though a sharp connection between the AGT
story and the protected chiral algebra construction is still lacking, we take this as a positive
indication that such a connection is there and remains to be clarified. We now turn to a
more precise description of qDS reduction for chiral algebras with affine symmetry. We
will first develop the general machinery for performing such a reduction in the cases of
interest, whereafter we will perform a number of tests of the claim that this is the correct
procedure for reducing the ranks of punctures in class S chiral algebras.
4.1 Quantum Drinfeld-Sokolov for modules
Quantum Drinfeld-Sokolov reduction is a procedure for imposing a set of constraints given
below in eq. (4.3) at the quantum level for an affine Lie algebra gˆ at any level. In the
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following discussion, we will closely follow the analysis of [36] (see also [37] for a similar
discussion for finite dimensional algebras). Although traditionally the starting point for
this procedure is a pure affine Lie algebra, our interest is in the case of a more general chiral
algebra with an affine Lie subalgebra at the critical level. Said differently, we are interested
in performing qDS reduction for nontrivial gˆ−h∨ modules. We will utilize essentially the
same spectral sequence argument as was used in [36]. Some basic facts about spectral
sequences are collected in appendix C for the convenience of the reader.
The general setup with which we are concerned is the following. We begin with a chiral
algebra (for simplicity we take it to be finitely generated) with an ŝu(n)k affine subalgebra.
We denote the generating currents of the affine subalgebra as JA(z), while the additional
generators of the chiral algebra will be denoted as {φi(z)}, each of which transforms in
some representation Ri of su(n).
We now choose some embedding Λ : su(2) ↪→ su(N), for which the images of the su(2)
generators {t0, t+, t−} will be denoted by {Λ(t0),Λ(t+),Λ(t−}. The embedded Cartan then
defines a grading on the Lie-algebra,
g =
⊕
m∈ 1
2
Z
gm , gm :=
{
TA ∈ g | adΛ(t0)TA = mTA
}
. (4.2)
When the embedded Cartan is chosen such that some of the currents have half-integral
grading, then some of the associated constraints are second-class and cannot be enforced
by a straightforward BRST procedure. Fortunately, it has been shown that one may
circumvent this problem by selecting an alternative Cartan generator δ which exhibits
integer grading and imposing the corresponding first class constraints [36–38]. We will
adopt the convention that an index α (α¯) runs over all roots with negative (non-negative)
grading with respect to δ, while Latin indices run over all roots. The first-class constraints
to be imposed are then as follows,
Jα = Aδαα− , (4.3)
where Λ(t−) = Tα− . These constraints are imposed a` la BRST by introducing dimension
(1, 0) ghost pairs (cα, bα) in one-to-one correspondence with the generators Tα. These
ghosts have the usual singular OPE
cα(z)bβ(0) ∼
δαβ
z
, (4.4)
and allow us to define a BRST current
d(z) =
(
Jα(z)−Aδαα−
)
cα(z)− 1
2
f γαβ (bγ(c
αcβ))(z) . (4.5)
The reduced chiral algebra is defined to be the BRST-cohomology of the combined
ghost/matter system. Note that this definition is perfectly reasonable for the case where
we are reducing not just the affine current algebra, but a module thereof. The presence
of the module doesn’t modify the system of constraints of the BRST differential, but as
we shall see, the operators in the modules will be modified in a nontrivial way in the
constrained theory.
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This cohomological problem can be solved via a modest generalization of the approach
of [36, 39]. We first split the BRST current into a sum of two terms,
d0(z) =
(−Aδαα−) cα(z) ,
d1(z) = Jα(z)c
α(z)− 1
2
f γαβ (bγ(c
αcβ))(z) .
(4.6)
We now introduce a bi-grading for the currents and ghosts so that the differentials (d0, d1)
have bi-grades (1, 0) and (0, 1), respectively,
deg (JA(z)) = (m,−m) , TA ∈ gm ,
deg (cα(z)) = (−m, 1 +m) , Tα ∈ gm , (4.7)
deg (bα(z)) = (m,−m− 1) , Tα ∈ gm .
This bi-grading can also be extended to the additional generators φi. We decompose each
such generator into weight vectors of su(n) according to
φi = φiIt
(Ri)
I , I = 1, . . . , dimRi , (4.8)
where the t
(Ri)
I form a weight basis for the representation Ri with weights defined according
to
Hα · t(Ri)I = λ(Ri)I,α t(Ri)I , (4.9)
where Hα is an element of the Cartan subalgebra of su(n). Given the element δ in terms of
which our grading is defined, the bi-grading of the extra generators can be defined according
to
deg (φiI) = (δ · t(Ri)I , −δ · t(Ri)I ) . (4.10)
The differentials (d0, d1) are each differentials in their own right, that is, they satisfy
d20 = d
2
1 = d0d1 + d1d0 = 0 . (4.11)
Therefore they define a double complex on the Hilbert space of the ghost/matter chiral
algebra, which is the starting point for a spectral sequence computation of the cohomology.
It turns out that a simplification occurs if instead of trying to compute the cohomology
of the double complex straight off, we first introduce “hatted currents” [36, 39],
JˆA(z) = JA(z) + f
γ
Aβ (bγc
β)(z) . (4.12)
Let us denote by A1 the subalgebra generated by bα(z) and Jˆα(z), and by A2 the subalgebra
produced by the remaining generators cα(z), Jˆα¯(z), and φ
i(z). One then finds that d(A1) ⊆
A1 and d(A2) ⊆ A2, with the generators of A1 additionally obeying
d(bα(z)) = Jˆα(z)−Aδαα− , d(Jˆα(z)) = 0 . (4.13)
It follows that the BRST cohomology of A1 is trivial: H∗(A1, d) = C. From the Ku¨nneth
formula (see appendix C), it follows that the BRST cohomology of the chiral algebra is
isomorphic to the cohomology of the smaller algebra A2,
H∗(A, d) ∼= H∗(A2, d) . (4.14)
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Our task then simplifies: we need only compute the cohomology of A2. We will address
this smaller problem by means of a spectral sequence for the double complex (A2, d0, d1).
The first step in the spectral sequence computation is to compute the cohomology
H∗(A2, d0). The only nontrivial part of this computation is the same as in the case without
modules. This is because the additional generators φiI(z) have vanishing singular OPE with
the c-ghosts, rendering them d0-closed. Moreover, they can never be d0-exact because the
b-ghosts are absent from A2. For the currents and ghosts, one first computes
d0(Jˆα¯(z)) = −Af γα¯β δγα−cβ(z) = −Tr
(
adΛ(t+)Tα¯ · Tβ
)
cβ(z) . (4.15)
It follows that d0(Jˆα¯(z)) = 0 if and only if Tα¯ ∈ ker(adΛ(t+)). The same equation implies
that the cα(z) ghosts are d0-exact for any α. Because the d0-cohomology thus computed
is supported entirely at ghost number zero, the spectral sequence terminates at the first
step. At the level of vector spaces we find
H∗(A, d) ∼= H∗(A2, d0) , (4.16)
with H∗(A2, d0) being generated by the φiI(z) and by Jα¯(z) for Tα¯ ∈ ker(adΛ(t+)).
In order to improve this result to produce the vertex operator algebra structure on this
vector space, we can construct representatives of these with the correct OPEs using the tic-
tac-toe procedure. Letting ψ(z) be a generator satisfying d0(ψ(z)) = 0, the corresponding
chiral algebra generator Ψ(z) is given by
Ψ(z) =
∑
l
(−1)lψl(z) , (4.17)
where ψl(z) is fixed by the condition
ψ0(z) := ψ(z) , d1(ψl(z)) = d0(ψl+1(z)) . (4.18)
At the end, this procedure will give a collection of generators of the qDS reduced theory
along with their singular OPEs and it would seem that we are finished. However, it is im-
portant to realize that this may not be a minimal set of generators, in that some of the gen-
erators may be expressible as composites of lower dimension generators due to null states.
The existence of null relations of this type is very sensitive to the detailed structure of the
original chiral algebra. For example, the level of the current algebra being reduced plays an
important role. In practice, we will find for the class S chiral algebras, most of the genera-
tors Ψ(z) produced by the above construction do in fact participate in such null relations.
Some null states of the reduced theory can be deduced from the presence of null states in
the starting chiral algebra. This can be an efficient way to generate redundancies amongst
the naive generators of the qDS reduced theory like the ones described above. Abstractly,
we can understand this phenomenon as follows. Consider a null operator NK(z) that is
present in the original W-algebra, and that transforms in some representation R of the
symmetry algebra that is being reduced. Given an embedding Λ, the representation R
decomposes as in (2.30) under gΛ ⊕ Λ(su(2)). We can thus split the index K accordingly
and obtain {Nkj ,mj (z)}j>0, where kj is an index labeling the representation R(R)j and mj
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labels the Cartan of the spin j representation Vj . For fixed values of the index mj we find
an operator that will have proper dimension with respect to the new stress tensor (4.19).
Moreover, since introducing a set of free ghost pairs naturally preserves the null property
of the original operator and restricting oneself to the BRST cohomology does not spoil it
either, we find that this operator is null in the qDS reduced theory. In practice, for each
value of mj one chooses a representative of the BRST class N
kj ,mj (z) + d(. . .) that only
involves the generators of the qDS reduced theory.
There are a couple of features of the qDS reduced theory that can be deduced without
studying the full procedure in specific examples. These features provide us with the most
general test of the conjecture that qDS reduction is the correct way to reduce the ranks of
punctures in the chiral algebra. The first of these features is the Virasoro central charge of
the reduced theory, a subject to which we turn presently.
4.2 Virasoro central charge and the reduced stress tensor
A useful feature of qDS reduction is that the stress tensor of a qDS reduced chiral algebra
takes a canonical form (up to BRST-exact terms) in which it is written as a shift of the
stress tensor of the unreduced theory,
T = T? − ∂J0 + ∂bαcα − (1 + λα)∂(bαcα) . (4.19)
Here T? is the stress tensor of the unreduced theory, J0 is the affine current of the U(1)
symmetry corresponding to Λ(t0), and λα is the weight for Tα with respect to Λ(t0) as
defined by eq. (4.9).14 The dimensions of the ghosts measured by this new stress tensor
are hbα = 1 + λα and hcα = −λα. Meanwhile the dimensions of all remaining fields are
simply shifted by their J0 charge.
The central charge of the reduced theory can be read off from the most singular term
in the self-OPE of the reduced stress tensor. The result is given by [38]
c− c? =
(
dim g0 − 1
2
dim g 1
2
− 12
∣∣∣∣√k + h∨Λ(t0)− ρ√k + h∨
∣∣∣∣2
)
−
(
k dim g
k + h∨
)
,
= dim g0 − 1
2
dim g 1
2
− 12(k + h∨) |Λ(t0)|2 + 24Λ(t0) · ρ− dim g .
(4.20)
Here ρ is the Weyl vector of su(n), and in passing to the second line, we have used the
Freudenthal-de Vries strange formula |ρ|2 = h∨12 dim g. In the cases of interest the level of
the current algebra is always given by k = −h∨ and there is a further simplification,
c = c? + dim g0 − 1
2
dim g 1
2
+ 24Λ(t0) · ρ− dim g . (4.21)
This shift of two-dimensional central charge can be compared to our expectations based
on the four-dimensional results in eqs. (2.16)–(2.18). The change of the four-dimensional
14Note that in the case of half-integral gradings, the weights λα are defined with respect to Λ(t0) and not
with respect to the alternate Cartan element δ.
– 40 –
J
H
E
P
0
5
(
2
0
1
5
)
0
2
0
central charge that occurs upon reducing a maximal puncture down to a smaller puncture
labelled by the embedding Λ is given by
−12(c4d − c4d,orig.) = 2(nv(max.)− nv(Λ)) + (nh(max.)− nh(Λ)) ,
= dim g0 − 1
2
dim g 1
2
+ 24Λ(t0) · ρ− dim g .
(4.22)
Thus we see precise agreement with the change in two-dimensional central charge induced
by qDS reduction and that of the four-dimensional charge induced by Higgsing after ac-
counting for the relation c2d = −12c4d. We take this as a strong indication the the qDS
prescription for reducing chiral algebras is indeed the correct one.
4.3 Reduction of the superconformal index
We can now check that the qDS reduction procedure has an effect on the (graded) par-
tition function of the chiral algebra that mimics the prescription for reducing the Schur
superconformal index described in section 2.2. As was reviewed above, the Schur limit of
the superconformal index is equivalent to a graded partition function of the corresponding
chiral algebra,
Iχ(q; x) := TrHχ (−1)F qL0 = ISchur(q; x) . (4.23)
Computing this graded partition function is straightforward for the qDS reduced theory
owing to the fact that the BRST differential commutes with all of the fugacities x that may
appear in the index and has odd fermion number. This means that we can ignore the coho-
mological aspect of the reduction and simply compute the partition function of the larger
Hilbert space obtained by tensoring the unreduced chiral algebra with the appropriate
ghosts system.15
This simpler problem of computing the partition function of the larger Hilbert space
parallels the index computation described in section 2.2. There are again two steps —
the inclusion of the ghosts, and the specialization of fugacities to reflect the symmetries
preserved by the BRST differential. Including the ghosts in the partition function before
specializing the fugacities requires us to assign them charges with respect to the UV
symmetries. This can be done in a canonical fashion so that upon specializing the
fugacities the BRST current will be neutral with respect to IR symmetries and have
conformal dimension one.
Recall that the ghost sector involves one pair of ghosts (bα, c
α) for each generator Tα
that is negatively graded with respect to δ. The charge assignments are then the obvious
ones — namely the charges of bα are the same as those of Tα (let us call them fα), while
those of cα are minus those of bα. With these charge assignments, the graded partition
function of the reduced chiral algebra can be obtained as a specialization that mimics that
15There is a caveat to this argument, which is that if there are null states in the reduced theory that do
not originate as null states in the parent theory, then their subtraction will not necessarily be accomplished
by this procedure. We operate under the assumption that such spurious null states do not appear. This as-
sumption appears to be confirmed by the coherence between this procedure and that discussed in section 2.2.
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which led to the superconformal index,
IχΛ(q; xΛ) = limx→xΛ Iχ(q; x) I(b,c)Λ(q; x) , I(b,c)Λ := PE
−∑
Tα∈g<0
(
q xfα
1− q +
x−fα
1− q
) .
(4.24)
As in the discussion of the index in section 4.3, we can formally perform the specialization
ignoring divergences that occur in both the numerator and the denominator as a conse-
quence of constant terms in the plethystic exponent. In doing this, the flavor fugacities are
replaced by fugacities for the Cartan generators of hΛ, while the q-grading is shifted by the
Cartan element of the embedded su(2). This leads to the following formal expression for
the contribution of the ghosts,16
I(b,c)Λ “ = ” PE
 −q
1− q
∑
j
χhΛ
R(adj)j
(aΛ)
−1∑
i=−j
qi − 1
1− q
∑
j
χhΛ
R(adj)j
(a−1Λ )
j∑
i=1
qi
 . (4.25)
After a small amount of rearrangement and the recognition that the representations R(adj)j
are pseudoreal, one finds that this exactly reproduces the formal denominator in eq. (2.47).
Again, when the limit in eq. (4.24) is taken carefully, the divergences in this formal de-
nominator cancel against equivalent terms in the K-factors of the numerator to produce a
finite result. It is interesting that in spite of the asymmetry between b and c ghosts in this
procedure, they ultimately play the same role from the point of view of four-dimensional
physics — each ghost is responsible for cancelling the effect of a single Nambu-Goldstone
boson from the index.
Before moving on to examples, we recall that in [15] it was observed that the K-factor
for a maximal puncture matches the character of the corresponding affine Lie algebra at
the critical level, and it was conjectured that a similar statement would be true for reduced
punctures. That is to say, the K-factor associated to the reduction of type Λ should be the
character of the qDS reduction of type Λ of the critical affine Lie algebra. Given the analysis
to this point, this statement becomes almost a triviality. The qDS reduction of the affine
current algebra proceeds by introducing the same collection of ghosts as we have used here,
and so the effect on the graded partition function is the introduction of the same ghost term
given in eq. (4.25) and the same specialization of fugacities. Thus, the identification of the
K-factors given in eq. (2.36) with the character of the qDS reduction of the critical affine Lie
algebra depends only on our ability to equate the index (i.e., the partition function graded
by (−1)F ) with the ungraded vacuum character. This is a simple consequence of the fact
that the starting current algebra consists of all bosonic operators and the spectral sequence
calculation of section 4.1 only found BRST cohomology elements at ghost number zero.
4.4 Simple examples
In light of the analysis in section 4.1, the reduction problem admits an algorithmic solution
subject to two conditions. (A) the starting chiral algebra should be finitely generated,
16For simplicity, we write the expression here for the case where Λ(t0) provides an integral grading so
there is no auxiliary δ. The case of half-interal grading can be treated with modest modifications.
– 42 –
J
H
E
P
0
5
(
2
0
1
5
)
0
2
0
i.e., it admits a description as a W-algebra. (B) the L0 operator of the reduced theory
should have a positive definite spectrum. The latter condition must hold for any reductions
where the endpoint corresponds to a physical class S theory, while the former conditions
is conjectured to be true for general class S theories but is more certainly true in some
simple examples. Given these conditions, the procedure is as follows:
• List the (possibly redundant) generators of the qDS reduced chiral algebra at the
level of vector spaces. These are given by the hatted currents Jˆα¯ for which Tα¯ ∈
ker(adΛ(t+)), along with all of the additional generators {φi}.
• Apply the tic-tac-toe algorithm to construct genuine generators of the chiral algebra.
The OPEs of these reduced chiral algebra generators can be computed directly using
the OPEs of the original, unreduced fields.
• Compute the null states at each level up to that of the highest-dimensional generator
in order to check for redundancy. Remove any redundant generators. What remains
is a description of the reduced chiral algebra as a W-algebra.
This procedure is still morally a correct one when the two conditions listed above fail to
be met, but in those cases the algorithm will not necessarily terminate in finite time. In
the examples discussed in this subsection, both conditions above will indeed be satisfied,
so this algorithm will be sufficient to determine the answer entirely.
We now consider a pair of simple cases in which the reduction can be performed quite
explicitly. Our first example will be the complete closure of a single puncture in the rank
one theory of a four-punctured sphere, which as we reviewed above has as its chiral algebra
the affine Lie algebra ŝo(8)−2. The result of this closure is expected to be the T2 theory
(see figure 7). The second example will be the partial reduction (corresponding to the
semi-regular embedding) of one puncture in the T3 theory to produce a theory of free
bifundamental hypermultiplets, which should correspond to free symplectic bosons at the
level of the chiral algebra. Details of the second calculation beyond what is included in
this summary can be found in appendix A.2.
Reducing ŝo(8)−2 to χ[T2]. The starting point for our first reduction is the affine Lie
algebra ŝo(8)−2. We first introduce a basis for the affine currents that is appropriate for
class S and for the reduction we aim to perform. The adjoint of so(8) decomposes into irreps
of the su(2)(1)×su(2)(2)×su(2)(3)×su(2)(4) symmetries associated to punctures according to
28so(8) → (3,1,1,1)⊕ (1,3,1,1)⊕ (1,1,3,1)⊕ (1,1,1,3)⊕ (2,2,2,2) . (4.26)
Accordingly, we assemble the twenty-eight affine currents into these irreps,
JA(z) → {J (1)(a1b1)(z) , J
(2)
(a2b2)
(z) , J
(3)
(a3b3)
(z) , J
(4)
(a4b4)
(z) , Ja1a2a3a4(z)} , (4.27)
where aI , bI are fundamental indices of su(2)
(I). In this basis, the OPEs of the affine Lie
algebra are given by
J
(I)
ab (z)J
(J)
cd (w) ∼
−k(acbd + adbc)δIJ
2(z − w)2 +
fefab;cdJ
(I)
ef δ
IJ
z − w ,
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Figure 7. Reduction from the so(8) theory to T2.
J
(1)
ab (z)Jcdef (w) ∼
acJbdef + bcJadef
2(z − w) , (4.28)
Jabcd(z)Jefgh(w) ∼ kaebf cgdh
(z − w)2 +
J
(1)
ae bf cgdh+aeJ
(2)
bf cgdh+aebfJ
(3)
cg dh+aebf cgJ
(4)
dh
z − w ,
and similarly for the other J (I). Here the su(2) structure constants are given by f efab;cd =
1
2(acδ
e
bδ
f
d + bcδ
e
aδ
f
d + adδ
e
bδ
f
c + bdδ
e
aδ
f
c ), and for our case of interest level is fixed to k = −2.
We will choose the first puncture to close, meaning we will perform qDS reduction on
the current algebra generated by J
(1)
(ab) with respect to the principal embedding,
Λ(t+) = −T11 , Λ(t−) = T22 , Λ(t0) = −T(12) . (4.29)
The grading provided by Λ(t0) is integral, so we can proceed without introducing any
auxiliary grading. The only constraint to be imposed in this case is J
(1)
22 (z) = 1. This is
accomplished with the help of a single ghost pair (c22, b22), in terms of which the BRST
operator is given by
d(z) = c22(J22 − 1)(z) . (4.30)
The remaining three sets of su(2) affine currents can be thought of as trivial modules of
the reduced currents, while the quadrilinear currents provide a nontrivial module. In the
language of the previous subsection we have17
{φi} = {J (2)(a2b2) , J
(3)
(a3b3)
, J
(4)
(a4b4)
, Ja1a2a3a4} . (4.31)
The reduced generators of step one are simply the hatted current Jˆ
(1)
11 = J
(1)
11 along
with the additional generators in (4.31). Applying the tic-tac-toe procedure produces true
generators of the reduced chiral algebra,
Jˆ (1)11 := Jˆ (1)11 − Jˆ (1)12 Jˆ (1)12 − (k + 1)∂(Jˆ (1)12 ) ,
(J1)a2a3a4 := J1a2a3a4 − Jˆ (1)12 J2a2a3a4 , (4.32)
17We should note that there is something slightly unconventional about the reduction procedure here.
In this example the entire starting chiral algebra is an affine current algebra, so one could in principle
perform qDS reduction in the entirely standard manner. This is not what our prescription tells us to do.
Instead, we treat a single su(2) subalgebra as the target of the reduction, and the rest as modules. The two
procedures are naively inequivalent, although we have not checked in detail to make sure that the results
don’t turn out the same.
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(J2)a2a3a4 := J2a2a3a4 ,
J (I={2,3,4})aIbI := J
(I={2,3,4})
aIbI
,
where Jˆ
(1)
12 := J
(1)
12 + b22c
22.
The stress tensor of the reduced algebra takes the form given in eq. (4.19), where the
original stress tensor was the Sugawara stress tensor of ŝo(8)−2 and the generator of the
embedded Cartan is J0 = −J (1)12 . We can then compute the conformal dimensions of the
new generators and we find
[Jˆ (1)11 ] = 2 , [J (I)aIbI ] = 1 ,
[(J1)a2a3a4 ] = 3/2 , [(J2)a2a3a4 ] = 1/2 .
(4.33)
The currents J (I)aIbI persist as affine currents of su(2) subalgebras, so all of their singular
OPEs with other generators are determined by the symmetry properties of the latter.
Explicit calculation determines the OPEs that are not fixed by symmetry to take the
following form,
Jˆ (1)11 (z)Jˆ (1)11 (0) ∼ −
1
2
(2 + k)(1 + 2k)(4 + 3k)
z4
− 2(2 + k)Jˆ
(1)
11 (0)
z2
− (2 + k)∂Jˆ
(1)
11 (0)
z
Jˆ (1)11 (z)(J1)a2a3a4(0) ∼ −
1
2
(2 + k)(1 + 2k)(J2)a2a3a4(0)
z3
− 1
4
(7 + 2k)(J1)a2a3a4(0)
z2
− (Jˆ
(1)
11 (J2)a2a3a4)(0)
z
Jˆ (1)11 (z)(J2)a2a3a4(0) ∼
1
4
(1 + 2k)(J2)a2a3a4(0)
z2
+
(J1)a2a3a4(0)
z
(J1)a2a3a4(z)(J2)b2b3b4(0) ∼ −
1
2
(1 + 2k)a2b2a3b3a4b4
z2
+
− 1
2
((J2)a2a3a4(J2)b2b3b4)(0) + Ja2a3a4;b2b3b4(0)
z
(J2)a2a3a4(z)(J2)b2b3b4(0) ∼
a2b2a3b3a4b4
z
(J1)a2a3a4(z)(J1)b2b3b4(0) ∼
3
4
(1 + 2k)a2b2a3b3a4b4
z3
+
1
4
(3 + 2k)((J2)a2a3a4(J2)b2b3b4)(0)− Ja2a3a4;b2b3b4(0)
z2
+
1
4
((J2)a2a3a4∂(J2)b2b3b4)(0) + 12 (1 + k)(∂(J2)a2a3a4(J2)b2b3b4)(0)
z
− 1
2
∂Ja2a3a4;b2b3b4(0)
z
, (4.34)
where
Ja2a3a4;b2b3b4(z) = J (2)a2b2(z)a3b3a4b4 + J
(3)
a3b3
(z)a2b2a4b4 + J (4)a4b4(z)a2b2a3b3 , (4.35)
and we have removed d-exact terms.
We expect the result of this reduction procedure to be the trifundamental symplectic
boson algebra χ[T2], and (J2)a2a3a4(z) has the correct dimension and OPE to be identified
with the trifundamental generator qa2a3a4 . In order to complete the argument, we need all of
the remaining reduced generators to be expressible as composites of this basic generator.
Indeed it turns out to be a straightforward exercise to compute the null states in the
reduced algebra at dimensions h = 1, 32 , 2 and to verify that null relations allow all the
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other generators to be written as normal ordered products of (derivatives of) (J2)a2a3a4(z).
For example, we should expect that the su(2) affine currents should be equivalent to the
bilinears currents of eq. (3.10), and indeed there are null relations (only for k = −2) that
allow us to declare such an equivalence,
1
2
(J2)abc(J2)a′b′c′bb′cc′ = J (2)aa′ ,
1
2
(J2)abc(J2)a′b′c′aa′cc′ = J (3)bb′ ,
1
2
(J2)abc(J2)a′b′c′aa′bb′ = J (4)cc′ ,
(4.36)
At dimensions h = 3/2 and h = 2 there are additional null states for our special value of
the level,
(J1)bcd = −3
2
∂(J2)bcd + 2
3
(J2)(b1(c1(d1(J2)b2)c2)d2)(J2)b3c3d3b2b3c2c3d2d3 , (4.37)
Jˆ (1)11 = −
3
4
(J2)b1c1d1∂(J2)b2c2d2b1b2c1c2d1d2 (4.38)
− 1
6
(J2)b1c1d1(J2)(b2(c2(d2(J2)b3)c3)d3)(J2)b4c4d4b1b2c1c2d1d2b3b4c3c4d3d4 .
Thus all of the additional generators are realized as composites of the basic field (J2)abc(z),
and we have reproduced the χ[T2] chiral algebra from qDS reduction of the so(8) affine
current algebra at level k = −2. We should re-emphasize that the redundancy amongst gen-
erators due to null states depends crucially on the precise value of the level. This is another
instance of a general lesson that we have learned: the protected chiral algebras of N = 2
SCFTs realize very special values of their central charges and levels at which nontrivial
cancellations tend to take place. We will see more of this phenomenon in the next example.
Reducing ( ê6 )−3 to symplectic bosons. In this case, our starting point is again
an affine Lie algebra, this time (̂e6)−3. Also we are again led to decompose the adjoint
representation of e6 under the maximal su(3)1 × su(3)2 × su(3)3 subalgebra associated to
the punctures on the UV curve as was done in (3.15), leading to a basis of currents given
by (3.16) subject to singular OPEs given by eq. (A.1). Our aim is now to perform a partial
reduction of the first puncture. Accordingly, we divide the generating currents as usual,
(J1) a
′
a , {φi} = {(J2) b
′
b , (J
3) c
′
c ,Wabc , W˜
abc} , (4.39)
where now a, b, c are fundamental indices of su(3)1,2,3, and the adjoint representation is rep-
resented by a fundamental and antifundamental index subject to a tracelessness condition.
The partial closing down to a minimal puncture is accomplished by means of the
subregular embedding,
Λ(t0) =
1
2
(T 11 − T 33 ) , Λ(t−) = T 13 , Λ(t+) = T 31 . (4.40)
The grading induced by the embedded Cartan turns out to be half-integral in this case and
must therefore be supplanted by the integral δ grading. Under this grading the generators
– 46 –
J
H
E
P
0
5
(
2
0
1
5
)
0
2
0
=)su(3) su(3) [31]
Figure 8. Reduction from the e6 theory to free hypermultiplets.
Λ(t−) = T 13 and T 23 are negative and of grade minus one. The relevant constraints are
thus
(
J1
) 1
3
= 1 and
(
J1
) 2
3
= 0. The implementation of these constraints via the BRST
procedure introduces two ghost pairs b 13 , c
3
1 and b
2
3 , c
3
2 .
In the reduction of χ[T3], one finds that the currents (Jˆ
1)α¯ such that Tα¯ ∈
ker(ad(Λ(t+))), are given by (Jˆ
1) 21 , (Jˆ
1) 31 , (Jˆ
1) 32 , and the current generating the reduced
u(1) symmetry
Ju(1) = (Jˆ1) 11 − 2(Jˆ1) 22 + (Jˆ1) 33 . (4.41)
Together with the additional generators in (4.39), these constitute the generators of the
cohomology at the level of vector spaces. The tic-tac-toe procedure produces honest chiral
algebra generators, which we denote by the calligraphic version of the same letter as the
vector space generator. The quantum numbers of these redundant generators are summa-
rized in table 4. Their precise expressions can be found in appendix A.2.
Again, we see that there are dimension one half generators (W3)bc = W3bc and (W˜1)bc =
W˜ 1bc that one naturally expects should be identified as the symplectic bosons of the reduced
theory. Indeed, up to d-exact terms, the OPE for these generators is exactly what we expect
from the desired symplectic bosons,
(W3)bc(z)(W˜1)b′c′(0) ∼ δ
b′
b δ
c′
c
z
. (4.42)
These generators thus have the correct dimension, charges and OPE to be identified with
the expected hypermultiplet generators. Again, by studying the null relations of the re-
duced chiral algebra at levels h = 1, 32 , 2 one finds that precisely when the level k = −3,
all of the higher dimensional generators in table 4 are related to composites of (W3)bc and
(W˜1)bc (see appendix A.2). In particular, one can verify that the u(1) ⊕ su(3)2 ⊕ su(3)3
currents are equal to their usual free field expression modulo null states.
5 Cylinders and caps
The procedure we have introduced for reducing punctures is sufficiently general that there
is no obstacle to formally defining chiral algebras associated to unphysical curves such as
the cylinder and (decorated) cap. These are unphysical curves from the point of view of
class S SCFTs, although they have a physical interpretation in terms of theories perturbed
by irrelevant operators that correspond to assigning a finite area to the UV curve [34]. It
would be interesting to interpret the chiral algebras associated with these curves in terms
of those constructions, although naively extrapolating away from conformal fixed points
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Generator Dimension U(1) SU(3)2 SU(3)3
Ju(1) 1 0 1 1
(Jˆ 1) 2
1
3
2 3 1 1
(Jˆ 1) 3
1
2 0 1 1
(Jˆ 1) 3
2
3
2 −3 1 1
W1bc 32 1 3 3
W2bc 1 −2 3 3
W3bc 12 1 3 3
W˜1bc 12 −1 3¯ 3¯
W˜2bc 1 2 3¯ 3¯
W˜3bc 32 −1 3¯ 3¯
(J 2) b′b 1 0 8 1
(J 3) c′c 1 0 1 8
Table 4. The quantum numbers of redundant generators of the reduced T3 chiral algebra.
seems impossible. (There are other unphysical curves, such as a thrice-punctured sphere
with two minimal punctures and one maximal puncture, and the chiral algebras for these
can also be defined. We focus on cylinders and caps in this section as they are particularly
natural objects in the TQFT.)
The chiral algebra associated to a cylinder is a particularly natural object to consider
from the TQFT perspective because it corresponds to the identity morphism (when taken
with one ingoing and one outgoing leg). When taken with two ingoing or two outgoing
legs, it is the chiral algebra avatar of the evaluation and coevaluation maps, respectively,
of an ordinary two-dimensional TQFT. Similarly, the chiral algebra of the undecorated cap
is the chiral algebra version of the trace map.
On the whole, we have not been able to systematically solve the BRST problem for
these theories in the general case. This is because, as we shall see, the chiral algebras
involve dimension zero (or negative dimension) operators, which prevent us from applying
the simple algorithm set forth in section 4. Nevertheless, we are able to develop a compelling
picture of the mechanics of the cylinder chiral algebra. It would be interesting from a purely
vertex operator algebra point of view to construct these algebras rigorously.
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Figure 9. Characteristic property of the identity morphism.
5.1 The cylinder chiral algebra
The chiral algebra associated to a cylinder should be obtained by performing a complete
qDS reduction on one puncture of the trinion chiral algebra χ[Tn]. In the generalized
TQFT, the cylinder chiral algebra plays the role of the identity morphism for a single copy
of the affine Lie algebra, Id : ŝu(n)−n 7→ ŝu(n)−n. The essential property associated with
an identity morphism is illustrated in figure 9. As a statement about chiral algebras, the
identity property is quite interesting. It means that the chiral algebra should have the
property that when tensored with another class S chiral algebra χ[T ] along with the usual
(b, c) ghosts, restriction to the appropriate BRST cohomology produces a chiral algebra
that is isomorphic to the original class S chiral algebra,
H∗BRST
(
ψ ∈ χId ⊗ χ[T ]⊗ χbc
∣∣ b0ψ = 0) ∼= χ[T ] . (5.1)
As stated above, the qDS reduction problem in this case is substantially complicated
by the fact that amongst the list of naive generators of the reduced chiral algebra, there
will always be dimension zero currents. Consequently, a systematic solution of the BRST
problem that removes redundancies from the list of generators is difficult even in the case
of the χ[T2] and χ[T3] theories, for which the starting point of the reduction is known. A
somewhat detailed analysis of the su(3) case can be found in appendix B.
Although we don’t have a general first principles solution, the general structure of the
reduction and our intuition gained from other examples suggests a simple characterization
of the cylinder chiral algebra. We state this here as a conjecture.
Conjecture 4 (Cylinder chiral algebra) The chiral algebra associated to a cylinder
of type su(n) is finitely generated by an ŝu(n)−n affine current algebra {(JL)A(z), A =
1, . . . , n2 − 1}, along with dimension zero currents {gab(z), a, b = 1, . . . , n} that are acted
upon on the left by the affine currents. These dimension zero currents further obey a
determinant condition det g = 1, i.e., they form a matrix that belongs to SL(n,C).
This turns out to be a surprisingly interesting chiral algebra. Let us mention a few of its
properties.
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The first key property — one which is not completely obvious from the description
— is that this chiral algebra actually has two commuting ŝu(n)−n current algebras. The
second set of affine currents are defined as follows(
J c′c
)
R
(z) :=
(
J bb′
)
L
gbc g
b′c′ + n
(
gbc ∂g
bc′ − 1
n
δc
′
c gbd ∂g
bd
)
, (5.2)
where we have traded the adjoint index for a fundamental and antifundamental index
satisfying a tracelessness condition, and we’ve also introduced the shorthand
gab(z) =
1
n!
aa2...anbb2...bn (ga2b2 . . . ganbn) (z) . (5.3)
Because of the determinant condition, this can be thought of as the inverse of gab(z). The
currents (JR)A(z) act on the dimension zero currents on the right. The JR currents and
the JL currents have nonsingular OPE with one another, so they generate commuting
affine symmetries. These are the symmetries associated with the two full punctures of the
cylinder.
The key feature of this chiral algebra should be its behavior as the identity under
gluing to other class S chiral algebras. Let us thus consider a chiral algebra associated to a
UV curve Cg,s≥1 with at least one maximal puncture. Let us consider a general operator in
this theory which will take the form X
b1b2...bq
a1a2...ap , with p fundamental indices and q antifunda-
mental indices (possibly subject to (anti)symmetrizations and tracelessness conditions) of
the flavor symmetry associated to the maximal puncture and with its transformation prop-
erties under other flavor symmetries suppressed. Then our expectations is that after gluing
in the cylinder, there will be a new operator of the same dimension of the same form, but
where its transformation under the symmetry of the original maximal puncture has been
replaced with a transformation under the symmetry at the unglued end of the cylinder.
We can see how this might come about. Gluing a cylinder to the maximal puncture
means tensoring the original chiral algebra with the chiral algebra of conjecture 4 in addition
to the usual adjoint (b, c) system of dimensions (1, 0). We then restrict ourselves to the
BRST cohomology (relative to the b-ghost zero modes) of the nilpotent operator
QBRST =
∮
dz cA
(
(JL)A + JTA +
1
2
JghA
)
, (5.4)
where JTA is the current for the symmetry associated to the puncture on Cg,s≥1 that is being
glued. Our original operator, which was charged under the su(n) that is being gauged and
therefore does not survive the passage to BRST cohomology, has a related transferred
operator of the following form
Xˆ
c1c2...cp
d1d2...dq
= X
b1b2...bq
a1a2...ap g
a1c1 ga2c2 . . . gapcp gb1d1 gb2d2 . . . gbqdq . (5.5)
This operator is gauge invariant, since the gauged symmetry acts on gab, g
ab on the left.
In this sense the gab fields effectively transfer and conjugate the symmetry from one end of
the cylinder to the other. Notice that the transferred operators have the same dimension
as before, because the gab(z) have dimension zero. What’s more, by virtue of the unit
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determinant condition on gab, we see that the OPE of the transferred fields ends up being
exactly the conjugate of the OPE of the original fields. It therefore seems likely that we
recover precisely the same chiral algebra on the other end of the cylinder (up to conjugation
of su(n) representations). Of course, for this construction to work we have to assume that
the spectrum of physical operators will consist only of the transferred operators. It would
be interesting to prove this conjecture.
Finally, one can’t help but notice the similarities between this description of the cylin-
der chiral algebra and the discussions of [12] regarding the holomorphic symplectic manifold
associated with the cylinder in the Higgs branch TQFT. In that work, the hyperka¨hler man-
ifold T ∗GC was associated to the cylinder. It is interesting to note that the chiral algebra
we have described in Conjecture 4 seems to be precisely what one obtains from studying the
half-twisted (0, 2) supersymmetric sigma model on GC [40, 41]. Alternatively, it describes
the global sections of the sheaf of chiral differential operators on GC as defined in [42–46].
This connection is exciting, but remains mostly mysterious to the authors at present.
5.2 The (decorated) cap chiral algebra
The chiral algebra associated to a decorated cap can be defined by partially reducing
one puncture of the cylinder chiral algebra. The resulting chiral algebra should have the
interesting property that if you glue it to another class S chiral algebra using the standard
gauging BRST construction, it effectively performs the appropriate qDS reduction on the
original chiral algebra.
In trying to characterize this chiral algebra, one immediately encounters the problem
that it includes operators of negative dimension. Namely, consider the first steps of the
general reduction procedure as applied to the cylinder chiral algebra. The (potentially
redundant) generators for the decorated cap labeled by an embedding Λ include the usual
currents Jα¯ for Tα¯ ∈ ker(adΛ(t+)), the dimensions of which are shifted by their Λ(t0) weight.
However, there are additional generators coming from the dimension zero bifundamental
fields gab of the cylinder theory. In terms of the reduced symmetry associated with the
decoration, these fields are reorganized as follows: for each irrep of su(2) in the decompo-
sition (2.30) of the fundamental representation there are 2j+ 1 generators transforming in
representation f⊗R(f)j with dimensions −j,−j+ 1, . . . , j. The dimension zero null relation
corresponding to the determinant condition in the cylinder theory of the cylinder theory is
expected to descend to the cap theory. The superconformal index (see appendix B.1) sup-
ports this expectation, and further suggests that there may be no additional redundancies.
The existence of negative dimension operators makes this a rather exotic chiral alge-
bra, and we will not explore it much further. Nevertheless, let us offer a couple of brief
comments. In the description of the cap chiral algebra given in the previous paragraph, it
is not immediately clear that an affine current algebra associated to the maximal puncture
survives. However, one finds that the necessary dimension one currents can be constructed
using the above fields in a manner similar to (5.2), using only those elements of the left
current algebra that survive in the cap chiral algebra. When gluing the cap to another
theory T , this current algebra will enter in the BRST current (5.4). As in the case of the
cylinder, the Gauss law constraint can be solved by constructing transferred fields, which
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thanks to nonzero conformal dimension of the various components of gab end up with their
dimensions shifted correctly. It remains to verify that restricting to the BRST cohomology
removes the transferred versions of the currents JTA for TA 6∈ ker(adΛ(t+)).
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A Details for rank two theories
This appendix includes details regarding a number of calculations having to do with oper-
ations on the χ[T3] chiral algebra described in section 3.3.2. For all of these calculations, it
is useful to have the realization of the χ[T3] chiral algebra, which coincides with the affine
e6 current algebra at level k = −3, in the basis relevant for class S given in eq. (3.16). In
this basis, the singular OPEs are as follows,
(J1) a
′
a (z)(J
1) a˜
′
a˜ (0) ∼
k(δ a˜
′
a δ
a′
a˜ − 13δ a
′
a δ
a˜′
a˜ )
z2
+
δ a
′
a˜ (J
1) a˜
′
a − δ a˜
′
a (J
1) a
′
a˜
z
,
(J1) a
′
a (z)Wa′′bc(0) ∼
1
z
(
δ a
′
a′′Wabc −
1
3
δ a
′
a Wa′′bc
)
,
(J1) a
′
a (z)W˜
a′′bc(0) ∼ −1
z
(
δ a
′′
a W˜
a′bc − 1
3
δ a
′
a W˜
a′′bc
)
,
Wabc(z)Wa′b′c′(0) ∼ −1
z
aa′a′′bb′b′′cc′c′′W˜
a′′b′′c′′ ,
W˜ abc(z)W˜ a
′b′c′(0) ∼ 1
z
aa
′a′′bb
′b′′cc
′c′′Wa′′b′′c′′ ,
Wabc(z)W˜
a′b′c′(0) ∼ k
z2
δ a
′
a δ
b′
b δ
c′
c +
1
z
(
(J1) a
′
a δ
b′
b δ
c′
c + δ
a′
a (J
2) b
′
b δ
c′
c + δ
a′
a δ
b′
b (J
3) c
′
c
)
,
(A.1)
and similarly for (J2) and (J3).
We saw illustrated in table 3 that there exists for k = −3 a null relation in the 650-
dimensional representation of e6. This is in agreement with the Higgs branch relation of
eq. (3.17). It will prove useful to have the explicit expression for the components of this null
vector upon decomposition in terms of ⊕3I=1su(3)I representations. Group theoretically,
the decomposition in question is given by
650 → 2× (1,1,1) + (8,1,1) + (1,8,1) + (1,1,8) + (8,8,1) + (1,8,8) + (8,1,8)+
2× (3,3,3) + 2× (3¯, 3¯, 3¯) + (6, 3¯, 3¯) + (6¯,3,3) + (3¯,6, 3¯) + (3, 6¯,3) + (3¯, 3¯,6) + (3,3, 6¯) .
The corresponding null vectors arise from the relations summarized in table 5.
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Representation Null relation
(1,1,1) (J1) a2a1 (J
1) a1a2 = (J
2) b2b1 (J
2) b1b2 = (J
3) c2c1 (J
3) c1c2
(8,1,1) + (1,8,1) + (1,1,8) 13
(
Wa1bcW˜
a2bc − 13δa2a1WabcW˜ abc
)
+(
(J1) aa1(J
1) a2a − 13δa2a1 (J1) aα (J1) αa
)− 3∂(J1) a2a1 = 0
(8,8,1) + (1,8,8) + (8,1,8) Wa1b1cW˜
a2b2c − 13δa2a1Wab1cW˜ ab2c − 13δb2b1
(
Wa1bcW˜
a2bc
)
+
1
9δ
a2
a1 δ
b2
b1
(
WabcW˜
abc
)
+ (J1) a2a1 (J
2) b2b1 = 0
(3,3,3) (J1) αa Wαbc = (J
2) βb Waβc = (J
3) γc Wabγ
(3¯, 3¯, 3¯) (J1) aα W˜
αbc = (J2) bβ W˜
aβc = (J3) cγ W˜
abc
(6¯,3,3) + (3, 6¯,3) + (3,3, 6¯) 2(J1)
(a1|
α1 Wα2bc
α1α2|a2) + W˜ (a1b1c1W˜ a2)b2c2bb1b2cc1c2 = 0
(6, 3¯, 3¯) + (3¯,6, 3¯) + (3¯, 3¯,6) 2(J1) α1(a1| W˜
α2bcα1α2|a2) +W(a1b1c1Wa2)b2c2
bb1b2cc1c2 = 0
Table 5. Null state relations at level two in the χ[T3] chiral algebra.
A.1 Argyres-Seiberg duality
First we describe in detail the check of Argyres-Seiberg duality at the level of chiral algebras
described in section 3.3.2. The first duality frame is that of SQCD, the chiral algebra of
which was described in [13]. There the generators of the chiral algebra were found to
include a ŝu(6)−3× û(1) affine current algebra with currents J ji and J , along with baryonic
and anti-baryonic operators {bijk, b˜ijk} of dimension ∆ = 32 . The singular OPEs for these
generators are as follows,
J ji (z)J
l
k(0) ∼ −
3(δliδ
j
k − trace)
z2
+
δjkJ
l
i (z)− δliJ jk(z)
z
,
J(z)J(0) ∼ − 18
z2
,
J ji (z)bk1k2k3(0) ∼
3δj[k1|bi|k2k3](0)− 12δ
j
i bk1k2k3(0)
z
,
J(z)bk1k2k3(0) ∼
3bk1k2k3(0)
z
,
J(z)bk1k2k3(0) ∼ − 3b
k1k2k3(0)
z
,
bi1i2i3(z)b˜
j1j2j3(0) ∼
36 δ
[j1
[i1
δ
j2
i2
δ
j3]
i3]
z3
−
36 δ
[j1
[i1
δ
j2
i2
Jˆ
j3]
i3]
(0)
z2
+
18 δ
[j1
[i1
Jˆ
j2
i2
Jˆ
j3]
i3]
(0)− 18 δ[j1[i1 δ
j2
i2
∂Jˆ
j3]
i3]
(0)
z
.
(A.2)
Antisymmetrizations are performed with weight one, and lower (upper) indices i, j, . . .
transform in the fundamental (antifundamental) representation of su(6). In the last line
we have introduced the u(6) current Jˆ ij := J
i
j +
1
6δ
i
jJ . It was conjectured in [13] that the
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SQCD chiral algebra is aW-algebra with just these generators. This proposal passed a few
simple checks. All the generators of the Hall-Littlewood chiral ring have been accounted
for and the OPE closes. There is no additional stress tensor as a generator because the
Sugawara stress tensor of the u(6) current algebra turns out to do the job (this again
implies a relation in the Higgs branch chiral ring of SQCD). The spectrum of the chiral
algebra generated by these operators also correctly reproduces the low-order expansion of
the superconformal index.
Our aim in the remainder of this appendix is to reproduce this chiral algebra from
the ‘exceptional side’ of the duality using our proposal that the chiral algebra χ[T3] is the
current algebra ( ê6 )−3. The two free hypermultiplets contribute symplectic bosons qα and
q˜α with α = 1, 2 with singular OPE given by
qα(z)q˜
β(0) ∼ δ
β
α
z
. (A.3)
The χ[T3] chiral algebra should be re-expressed in terms of an su(6) × su(2) maximal
subalgebra, in terms of which the affine currents split as
{JA=1,...,78} =⇒ {Xij , Y [ijk]α , Zβα} . (A.4)
The operators Xij and Z
β
α are the affine currents of su(6) and su(2), respectively, with Xii =
Zαα = 0. The additional operators Y
ijk
α transform in the (20,2) of su(6)× su(2). The non-
vanishing OPEs amongst these operators are simply a rewriting of the ê6 current algebra,
Xji (z)X
l
k(0) ∼ −
3(δliδ
j
k − trace)
z2
+
δjkX
l
i(0)− δliXjk(0)
z
Zβα(z)Z
δ
γ(0) ∼ −
3(δδαδ
β
γ − trace)
z2
+
δβγZ∂α(0)− δδαZβγ (0)
z
Xji (z)Y
klm
α (0) ∼ −
3δ
[k
i Y
lm]j
α (0)
z
− trace (A.5)
Zβα(z)Y
ijk
γ (0) ∼
δβγY
ijk
α (0)
z
− trace
Y ijkα (z)Y
lmn
β (0) ∼
αβ
ijklmn
z2
+
ijklmnαγZ
γ
β (0)− 3αβ[ijklm|pX |n]p (0)
z
.
Gluing introduces a dimension (1, 0) ghost system in the adjoint of su(2) and restricting
to the appropriate cohomology of the following BRST operator,
JBRST = c
α
β(Z
β
α − qαq˜β)−
1
2
(δα6α1δ
α2
α3δ
α4
α5 − δα4α1δα6α3δα2α5 )cα1α2bα3α4cα5α6 . (A.6)
The cohomology can be constructed level by level using the OPEdefs package for
Mathematica [47]. Up to dimension h = 32 , we find the following operators,
Xij , qαq˜
α , ijklmnq˜
αY lmnα , 
αβqαY
ijk
β . (A.7)
Up to normalizations, these can naturally be identified with the generators of the SQCD
chiral algebra,
Xji ' J ji , 3qαq˜α ' J ,
1
6
ijklmnq˜
αY lmnα ' bijk , αβqαY ijkβ ' b˜ijk . (A.8)
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The equations relating chiral algebra generators in the two duality frames are the same as
the ones obtained in [31], with the operators being viewed as generators of the Higgs branch
chiral ring. In that work, establishing them at the level of the Higgs branch required a
detailed understanding of the chiral ring relations on both sides. By contrast, to establish
equivalence of the chiral algebras we need to check that the above operators have the same
singular OPEs. Relations in the chiral ring will then show up automatically as null states.
With the OPEdefs package we have also computed the OPEs of the composite operators
in (A.7) and found perfect agreement with (A.2). Most of the OPEs are reproduced in a
fairly trivial fashion. However, the simple pole in the baryon-antibaryon OPE can only be
matched by realizing that there is a null state at level two in the ( ê6 )−3 algebra given by
Y ijkα Y
abc
β 
αβabclmn + 108∂X
[i
[l δ
j
mδ
k]
n] + 108X
[i
[lX
j
mδ
k]
n] +
1
72
ZβαZ
α
β δ
[i
[lδ
j
mδ
k]
n] . (A.9)
Thus we have shown that using our proposal for the χ[T3] chiral algebra in the Argyres-
Seiberg duality problem, one at least produces a self-contained W-algebra that matches
between the two sides of the duality. It would be nice to prove that this W-algebra is the
full chiral algebra. Indeed, if one could demonstrate this fact for the SQCD side of the
duality, it seems likely that it wouldn’t be too hard to prove that there can be no additional
generators in the χ[T3] chiral algebra beyond the affine currents.
A.2 Reduction of T3 to free hypermultiplets
In this appendix we provide some details about the reduction of the χ[T3] chiral algebra
to free symplectic bosons. This corresponds to the subregular embedding su(2) ↪→ su(3),
which is given by
Λ(t0) =
1
2
(T 11 − T 33 ) , Λ(t−) = T 13 , Λ(t+) = T 31 . (A.10)
The grading on the Lie algebra by the Cartan element Λ(t0) is half-integral. In order to
arrive at first-class constraints, we introduce a different Cartan element δ that gives an
integral grading. More specifically, we have δ = 13(T
1
1 + T
2
2 − 2T 33 ). With respect to
the δ-grading there are two positively graded currents and we consequently impose the
constraints
(
J1
) 1
3
= 1 and
(
J1
) 2
3
= 0. These are implemented via a BRST procedure
with differential given by
d(z) =
((
(J1) 13 − 1
)
c 31 + (J
1) 23 c
3
2
)
(z) , (A.11)
where the ghost pairs b 13 , c
3
1 and b
2
3 , c
3
2 have the usual singular OPEs.
Implementing the first step of the qDS procedure, one obtains the (redundant) gener-
ators of the chiral algebra at the level of vector spaces. Applying the tic-tac-toe procedure
to produce genuine chiral algebra generators, we obtain the set of generators that were
listed in table 4. The explicit forms of these generators are given as follows,
Ju(1) := (Jˆ1) 11 − 2(Jˆ1) 22 + (Jˆ1) 33
(Jˆ 1) 21 := (Jˆ1) 21
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(Jˆ 1) 31 := (Jˆ1) 31 −
(
−(k + 1)∂(Jˆ1) 33 + (Jˆ1) 11 (Jˆ1) 33 − (Jˆ1) 12 (Jˆ1) 21
)
(Jˆ 1) 32 := (Jˆ1) 32 −
(
(k + 2)∂(Jˆ1) 12 + (Jˆ
1) 33 (Jˆ
1) 12 − (Jˆ1) 22 (Jˆ1) 12
)
W1bc := W1bc −W3bc(Jˆ1) 11
W2bc := W2bc −W3bc(Jˆ1) 12 (A.12)
W3bc := W3bc
W˜1bc := W˜ 1bc
W˜2bc := W˜ 2bc
W˜3bc := W˜ 3bc −
(
−W˜ 1bc(Jˆ1) 11 − W˜ 2bc(Jˆ1) 12
)
(J 2) b2b1 := (J2)
b2
b1
(J 3) c2c1 := (J3) c2c1 .
The generators W3bc and W˜1bc have the correct charges and mutual OPE to be iden-
tified as the expected symplectic bosons. It follows that the reduction argument will be
complete if we can show that at the specific value of the level of interest k = −3, all the
other generators listed in eq. (A.12) participate in a null state condition that allows them
to be equated with composites of W3bc and W˜1bc.
Indeed, we do find such relations to account for all additional generators. At level
h = 1, we find
Ju(1) = −W3bcW˜1bc , (A.13)
(J 2) b2b1 = −
(
W3b1cW˜1b2c −
1
3
δb2b1W3bcW˜1bc
)
, (A.14)
(J 3) c2c1 = −
(
W3bc1W˜1bc2 −
1
3
δc2c1W3bcW˜1bc
)
, (A.15)
W˜2bc = 1
2
bb1b2cc1c2W˜1b1c1W˜1b2c2 , (A.16)
W˜2bc = −1
2
bb1b2cc1c2W3b1c1W3b2c2 . (A.17)
At dimension h = 3/2, one can find the null relations
(Jˆ 1) 21 =
1
6
W3b1c1W3b2c2W3b3c3b1b2b3c1c2c3 , (A.18)
(Jˆ 1) 32 = −
1
6
W˜1b1c1W˜1b2c2W˜1b3c3b1b2b3c1c2c3 , (A.19)
W1bc = 2∂W3bc + 5
12
W3b1c1W3b2c2W˜1b3c3βb1b2γc1c2βbb3γcc3 −
1
3
W3(b(cW3b1)c1)W˜1b1c1 ,
(A.20)
W3bc = −∂W˜1bc + 1
3
W˜1b1c1W˜1b2c2W3b3c3βb1b2γc1c2βbb3γcc3 −
2
3
W˜1(b(cW˜1b1)c1)W3b1c1 .
(A.21)
Finally, at dimension h = 2, we find
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(Jˆ 1) 31 =
14
9
W3bc∂W˜1bc − 8
9
∂W3bcW˜1bc + 2
9
W3(b1(c1W3b2)c2)W˜1(b1(c1W˜1b2)c2)
− 7
36
W3b1c1W3b2c2W˜1b3c3W˜1b4c4b1b2bc1c2cb3b4bc3c4c . (A.22)
It is interesting to see these null relations as a consequence of the nulls in the original
chiral algebra. To that effect, let us re-derive the dimension one nulls in this manner.
Starting with the (8,1,1) null states in table 5 and specializing the indices to (a1, a2) =
(3, 1), we find the null relation
0 =
1
3
W3bcW˜
1bc + (J (1)) a3 (J
(1)) 1a + 3∂(J
(1)) 13 =
1
3
W3bcW˜1bc + 1
3
Ju(1) + d(. . .) , (A.23)
thus reproducing eq. (A.13). Alternatively, starting with the null states in the (8,8,1) and
specializing the indices to (a1, a2) = (3, 1), we obtain the null relation
0 =
(
W3b1cW˜
1b2c − 1
3
δb2b1W3bcW˜
1bc
)
− 1
3
β1(J
(1)) 13 (J
(2)) b2b1
=
(
W3b1cW˜1b2c −
1
3
δb2b1W3bcW˜1bc
)
+
(
J (2)
) b2
b1
+ d(. . .) , (A.24)
which precisely matches the null relation of eq. (A.14). Similarly, one can reproduce (A.15).
It is straightforward to check that the null relations in eqs. (A.16)–(A.17) can be obtained
from the relations in the (6¯,3,3) and (6, 3¯, 3¯) and specializing the indices appropriately.
B Cylinder and cap details
This appendix describes the quantum Drinfeld-Sokolov reduction that produces the chiral
algebra for cylinder and cap geometries when g = su(3). We first introduce some general
formulas for the Schur superconformal index associated to these geometries. These formulas
prove useful for getting a basic intuition for how these chiral algebras may be described.
B.1 Schur indices
Although they are only formally defined (there is no true four-dimensional SCFT associated
to the cylinder and cap geometries), the reduction rules for the Schur index allow us to
define an index for these geometries that must behave appropriately under gluing. Let us
determine these indices.
Cylinder. Using the general results given in eqs. (2.28) and (2.38), the index of the
two-punctured sphere theory can be determined immediately
Icylinder (q; a,b) = Kmax.(a; q)Kmax.(b; q)
∑
R
χR(a)χR(b)
= PE
[
q
1− q (χadj(a) + χadj(b))
]∑
R
χR(a)χR(b) .
(B.1)
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Upon using the relation
∑
R χR(a)χR(b) = δ(a,b
−1), where the delta function is defined
with respect to the Haar measure, we can rewrite this index as
Icylinder (q; a,b) = PE
[
2q
1− qχadj(a)
]
δ(a,b−1) = I−1V (a; q) δ(a,b
−1) , (B.2)
where IV is the vector multiplet index (2.43). This makes it clear that when the gluing
prescription for the index given in eq. (2.42) is applied, the index IT (q; a, . . .) of a generic
theory T containing a maximal puncture with fugacities a remains the same after gluing
a cylinder to that maximal puncture∫
[da]∆(a)IV (q; a) IT (q; a, . . .) Icylinder
(
q; a−1,b
)
= IT (q; b, . . .) . (B.3)
Here [da] =
∏rankg
j=1
daj
2piiaj
and ∆(a) is the Haar measure.
Returning to expression (B.1), we wish to rewrite the sum over representations. Let
us therefore consider the regularized sum∑
R
u|R|χR(a)χR(b) = PE [u χf(a)χf(b)− un] , (B.4)
where |R| denotes the number of boxes in the Young diagram corresponding to the repre-
sentation R of g = su(n). For g = su(2) we have checked this equality exactly by performing
the geometric sums and for su(3), su(4) and su(5) in a series expansion in u. In the limit
u→ 1 one can verify that the right hand side behaves as a δ-function with respect to the
Haar measure, as expected. Consequently, the cylinder index can then be rewritten in a
particularly useful form,
Icylinder (q; a,b) = PE
[
q
1− q (χadj(a) + χadj(b)) + χf(a)χf(b)− 1
]
. (B.5)
By using χadj(a) = χf(a)χf(a
−1)− 1 and the δ-function constraint, one can finally rewrite
the index as
Icylinder (q; a,b) = PE
[
q
1− q (χadj(b) + (χf(a)χf(b)− 1)) + χf(a)χf(b)− 1
]
,
= PE
[
q
1− qχadj(b) +
1
1− q (χf(a)χf(b)− 1)
]
.
(B.6)
Note that this looks like the partition function of a finitely generated chiral algebra satis-
fying a single relation. Namely, it appears that the chiral algebra has one set of dimension
one currents transforming in the adjoint of su(n), in addition to a bifundamental field gab of
dimension zero subject to a dimension zero constraint in the singlet representation. Going
further, using this interpretation of the index and reintroducing the fugacity u as in (B.4),
we see that u counts the power of the bifundamental generators in an operator, and the
constraint should then involve n bifundamental fields. A natural form for such a relation
(after proper rescaling of the generators) is the following,
1
n!
a1a2...anb1b2...bnga1b1ga2b2 . . . ganbn = 1. (B.7)
Interpreting gab as a matrix, this is a unit determinant condition. This picture, guessed on
the basis of the superconformal index, will be borne out in the qDS analysis below.
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Cap. A similarly heuristic analysis is possible for the theory associated to a decorated
cap, which is obtained by further partially closing a puncture in the cylinder theory. The
index of the decorated cap theory takes the form
Icap(Λ) (q; a,bΛ) = Kmax.(a; q)KΛ(bΛ, q)
∑
R
χR(a)χR(fugΛ(bΛ; q)) ,
= PE
 q
1− qχadj(a) +
∑
j
qj+1
1− qTrR(adj)j (bΛ)
∑
R
χR(a)χR(fugΛ(bΛ; q)) ,
(B.8)
= I
−1/2
V (a; q) KΛ(bΛ, q) δ(a
−1, fugΛ(bΛ; q)) .
Again it is clear how gluing this index reduces the flavor symmetry of the puncture. Us-
ing (2.42) and the general expression for a class S index (2.28) for some theory T of genus
g and containing s punctures, of which the first is maximal with corresponding flavor
fugacities a, one obtains by gluing the cap to this maximal puncture∫
[da]∆(a)IV (a; q) Icap(Λ)
(
q; a−1,bΛ
) ∑
R
CR(q)
2g−2+sKmax.(a; q)χR(a)
s∏
i=2
ψΛiR (xΛi ; q)
=
∑
R
CR(q)
2g−2+sKΛ(bΛ, q)χR(fugΛ(bΛ; q))
s∏
i=2
ψΛiR (xΛi ; q) , (B.9)
where we have again used that Kmax.(a; q) = I
−1/2
V (a; q).
As in the previous paragraph we can rewrite the index in a suggestive fashion,
Icap(Λ) (q; a,bΛ) = PE
∑
j
qj+1
1− qTrR(adj)j (bΛ) +
1
1− q (χf(a)χf(fugΛ(bΛ; q))− 1)
 .
(B.10)
A natural interpretation of this index is as that of a chiral algebra with generators given by
currents Jα¯ for Tα¯ ∈ ker(adΛ(t+)) with dimensions shifted by their Λ(t0) weight. Moreover,
for each su(2) irrep in the decomposition (2.30) of the fundamental representation f there
are an additional 2j+ 1 generators transforming in representation f⊗R(f)j with dimensions
−j,−j + 1, . . . , j. The latter generators satisfy a singlet relation of dimension zero.
B.2 QDS argument
Now that we have some intuition for the kinds of chiral algebras to expect, let us study the
cylinder theory for g = su(2) by fully closing a puncture in the χ[T3] theory. Full closure
is achieved via the principal embedding ρ : su(2) → g, which is can be specified explicitly
in components as
ρ(t−) = 2(T 12 + T
2
3 ) , ρ(t0) = T
1
1 − T 33 , ρ(t+) = T 21 + T 32 . (B.11)
The grading by ρ(t0) is integral, with the negatively graded generators being T
1
3 with grade
minus two and T 12 , T
2
3 with grade minus one. We should then impose the constraints(
J (1)
) 1
2
+
(
J (1)
) 2
3
= 1 ,
(
J (1)
) 1
2
−
(
J (1)
) 2
3
= 0 ,
(
J (1)
) 1
3
= 0 . (B.12)
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dimension generators
0 W3bc, W˜1bc
1 W2bc, W˜2bc, (J 2) b2b1 , (J 3) c2c1
2 Jˆsum,W1bc, W˜3bc
3 (Jˆ 1) 31
Table 6. (Redundant) generators of the cylinder theory for g = su(3).
Upon introducing three (b, c)-ghost systems — (b 12 , c
2
1 ), (b
2
3 , c
3
2 ), and (b
1
3 , c
3
1 ) — these
first-class constraints are implemented by a BRST procedure via the current
d(z) = (J (1)) 12 c
2
1 (z)+(J
(1)) 23 c
3
2 (z)+(J
(1)) 13 c
3
1 (z)−
1
2
(c 21 +c
3
2 )(z)−b 13 c 21 c 32 (z) . (B.13)
This cohomological problem is partly solved by following the same approach as that
advocated in subsection 4.1. The redundant generators of the reduced algebra are the
tic-tac-toed versions of the currents (Jˆ1) 31 and Jˆsum ≡ (Jˆ1) 21 + (Jˆ1) 32 , as well as of the
generators {(J2) b2b1 , (J3) c2c1 , Wabc, W˜ abc}. These currents can be seen arranged according
to their dimensions in table 6.
The explicit form of the tic-tac-toed generators if dimensions zero and one are fairly
simple,
W3bc := W3bc , (B.14)
W˜1bc := W˜ 1bc , (B.15)
W2bc := W2bc + 2W3bc(Jˆ (1)) 33 , (B.16)
W˜2bc := W˜ 2bc + 2W˜ 1bc(Jˆ (1)) 11 , (B.17)
(J 2) b2b1 := (J2)
b2
b1
, (B.18)
(J 3) c2c1 := (J3) c2c1 . (B.19)
On the other hand, the higher dimensional generators are quite complicated,
Jˆsum := (Jˆ1) 21 + (Jˆ1) 32
−
(
−2(2 + k)∂(Jˆ1) 22 − 4(2 + k)∂(Jˆ1) 33 + 2(Jˆ1) 11 (Jˆ1) 22 + 2(Jˆ1) 11 (Jˆ1) 33 + 2(Jˆ1) 22 (Jˆ1) 33
)
,
(B.20)
W1bc := W1bc −
(
2W2bc(Jˆ
1) 11 − 2W3bc(Jˆ1) 32
)
+
(
−4
(
(Jˆ1) 11 + (Jˆ
1) 22
)
W3bc(Jˆ
1) 33 −
1
3
(−20− 12k)W3bc∂(Jˆ1) 33 −
8
3
∂W3bc(Jˆ
1) 33
)
,
(B.21)
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W˜3bc := W˜ 3bc −
(
2W˜ 2bc(Jˆ1) 33 + 2W˜
1bc(Jˆ1) 32
)
+ 4(Jˆ1) 33 W˜
1bc(Jˆ1) 22
− W˜ 1bc∂
(
−4
3
(Jˆ1) 11 + (8 + 4k)(Jˆ
1) 33
)
− ∂W˜ 1bc
(
−4
3
(Jˆ1) 11 −
4
3
(Jˆ1) 33
)
,
(B.22)
(Jˆ 1) 31 := (Jˆ1) 31 −
(
2(k + 2)∂(Jˆ1) 21 − 2(Jˆ1) 32
(
(Jˆ1) 22 + (Jˆ
1) 33
)
− 2(Jˆ1) 21
(
(Jˆ1) 11 + (Jˆ
1) 22
))
+ 4(4 + 4k + k2)∂2(Jˆ1) 11 − 4(2 + k)(Jˆ1) 11 ∂(Jˆ1) 11 + 4(2 + k)(Jˆ1) 11 ∂(Jˆ1) 22
− 4
(
(Jˆ1) 11 + (Jˆ
1) 33
)(
(Jˆ1) 22 + (Jˆ
1) 33
)(
(Jˆ1) 11 + (Jˆ
1) 22
)
.
(B.23)
Our next task should be to check for redundancies by computing null relations. This analysis
is substantially complicated by the presence of dimension zero fields in the cohomology.
This means that we don’t have an algorithm for finding such redundancies that must
terminate in principle. Instead, we use the nulls of T3 to predict some of the nulls in the
cylinder theory.
Dimension zero nulls. Starting with the (8,1,1) nulls and specializing the indices to
(a1, a2) = (3, 1) we obtain the null relation
0 =
1
3
W3bcW˜
1bc + (J1) a3 (J
1) 1a − 3∂(J1) 13 =
1
4
+
1
3
W3bcW˜1bc + d(. . .) . (B.24)
Similarly, starting with the (8,8,1) nulls and specializing the indices to (a1, a2) = (3, 1)
we obtain the null relation
0 =
(
W3b1cW˜
1b2c − 1
3
δb2b1W3bcW˜
1bc
)
+ (J (1)) 13 (J
(2)) b2b1 ,
=
(
W3b1cW˜1b2c −
1
3
δb2b1W3bcW˜1bc
)
+ d(. . .) .
(B.25)
Similar nulls can be found by interchanging the second and third puncture. In summary,
we have the relations
W3b1cW˜1b2c = −
1
4
δb2b1 , W3bc1W˜1bc2 = −
1
4
δc2c1 . (B.26)
This shows that, up to a rescaling, W3bc(z) and W˜1bc(z) can be thought of as inverses of
one another.
Next, we look at the (6¯,3,3) nulls and specialize a1 = a2 = 1, which gives us
0 = 2(J1) 1α1Wα2bc
α1α21 + W˜ 1b1c1W˜ 1b2c2bb1b2cc1c2 ,
= W3bc + W˜1b1c1W˜1b2c2bb1b2cc1c2 + d(. . . ) .
(B.27)
Similarly from the nulls in the (6, 3¯, 3¯) we find
0 = (J1) α13 W˜
α2bcα1α23 +
1
2
W3b1c1W3b2c2
bb1b2cc1c2 ,
= − 1
2
W˜1bc + 1
2
W3b1c1W3b2c2bb1b2cc1c2 + d(. . .) .
(B.28)
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Combining these with the previous relations, we find that
1
3!
W˜1bcW˜1b1c1W˜1b2c2bb1b2cc1c2 = −
1
3!
W˜1bcW3bc = − 1
3!
W3bcW˜1bc = 1
8
, (B.29)
and
1
3!
W3bcW3b1c1W3b2c2bb1b2cc1c2 =
1
3!
W3bcW˜1bc = −1
8
. (B.30)
These are conditions on the determinants ofW3bc and W˜1bc thought of as three-by-three ma-
trices. Note that we used the relation W˜1bcW3bc =W3bcW˜1bc, which is true in cohomology:
W˜1bcW3bc =W3bcW˜1bc − d(9∂b 13 ) . (B.31)
If we now introduce rescaled operators gbc := −2W3bc and g˜bc := 2W˜1bc, then g and g˜ have
unit determinant and are inverses of one another. Because of the determinant condition,
this also means that we can rewrite g˜ in terms of positive powers of g, so only one needs
to be considered as an honest generator of the chiral algebra.
Dimension one nulls. We can continue the same analysis at dimension one. The second
relation in the (3,3,3) representation gives us
(J 2) βb W3βc1 = (J 3) γc1W3bγ . (B.32)
By taking the normal ordered product of both sides with W˜1bc2 and re-ordering (ignoring
BRST exact terms), we can make a sequence of replacements using the dimension zero
relations of the previous paragraph and end up with the following derivation,
W˜1bc2(J (2)) βb W3βc1 = W˜1bc2(J (3)) γc1W3bγ
=⇒ (J (2)) βb W3βc1W˜1bc2 +
8
3
W3βc1∂W˜1βc2 = (J (3)) γc1W3bγW˜1bc2 −
1
3
W3βc1∂W˜1βc2 + δc2c1W3βγ∂W˜1βγ
=⇒ (J (2)) βb W3βc1W˜1bc2 = (J (3) γc1W3bγW˜1bc2−3
(
W3βc1∂W˜1βc2−
1
3
δc2c1W3βγ∂W˜1βγ
)
=⇒ (J (2)) βb W3βc1W˜1bc2 = −
1
4
(J (3)) c2c1 − 3
(
W3βc1∂W˜1βc2 −
1
3
δc2c1W3βγ∂W˜1βγ
)
=⇒ (J (2)) βb gβc1 g˜bc2 = (J (3)) c2c1 − 3
(
gβc1∂g˜
βc2 − 1
3
δc2c1 gβγ∂g˜
βγ
)
. (B.33)
At last, we see that the current J (3) is not an independent generator.
Other dimension one nulls can be obtained from the first equality in the (3,3,3). Here
we find
(J1) α3 Wαbc = (J
2) βb W3βc =⇒
1
2
W2bc + 2
3
∂W3bc = (J 2) βb W3βc , (B.34)
which implies that the generator W2bc is not independent. Similarly, from the (3¯, 3¯, 3¯)
relations one finds
(J1) 1α W˜
αbc = (J2) bβ W˜
1βc =⇒ 1
2
W˜2bc − 2
3
∂W˜1bc = (J 2) bβ W˜1βc, (B.35)
which implies that W˜2bc is not an independent generator.
Based on the analysis of the index in B.1, we expect that all higher dimensional
generators can be similarly related via null relations to composites of J 2 and gbc = −2W3bc.
It would be interesting if this could be proven as a consequence of only the null states
that are guaranteed to exist based on nulls of the unreduced theory, although such a
simplification is not a necessary condition for the existence of the desired nulls.
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C Spectral sequences for double complexes
In this appendix we review some of the basics of spectral sequences. Standard references
are [48, 49]. One can also consult section 5.3 of [37] for a concise summary of some of the
most useful statements.
One of the simplest spectral sequences makes an appearance when one considers a single
cochain complex (M∗, d), where d : Mp → Mp+1 is a differential of degree one satisfying
d ◦ d = 0. A decreasing filtration of M∗ is a family of subspaces {F pM ; p ∈ Z} such
that F p+1M ⊆ F pM and ∪pF pM = M . We restrict our attention to bounded differential
filtrations, which satisfy two additional properties:
• There exist s, t ∈ Z such that F pM = M for p 6 t and F pM = 0 for p > s.
• The filtration is compatible with the differential, i.e., d(F pM) ⊆ F pM .
We further introduce the spaces F pM r := F pM ∩M r. One then says that the filtration
is bounded in each dimension if it is bounded for each r. The associated graded vector
space is defined as
Ep,q0 (M
∗, F ) := F pMp+q/F p+1Mp+q . (C.1)
Note that at the level of vector spaces one has M r ∼= ⊕p+q=rEp,q0 .
If F is a bounded differential filtration of (M∗, d), then also (F pM,d) is a complex.
The inclusion map F pM ↪→ M descends to a map in cohomology H(F pM,d) → H(M,d)
which is however not necessarily injective. We denote the image of H(F pM,d) under this
map as F pH(M,d). This defines a bounded filtration on H(M,d).
A spectral sequence is defined as a collection of bigraded spaces (E∗,∗r , dr) where r =
1, 2, . . ., the differentials dr have degrees (r, 1 − r), and for all p, q, r one has Ep,qr+1 ∼=
Hp,q(E∗,∗r , dr). A spectral sequence is said to converge to N∗ if there exists a filtration
F on N∗ such that Ep,q∞ ∼= Ep,q0 (N∗, F ). The main theorem of concern is then for any
complex (M,d) with a differential filtration F bounded in each dimension, one can find
a spectral sequence with Ep,q1 = H
p+q(F pM/F p+1M) that converges to H∗(M,d). In
favorable situations, one may have dr = 0 for r > r0 in which case the spectral sequence
terminates: Ep,qr0 = E
p,q∞ .
Let us consider the case of a double complex (M∗,∗; d0, d1), where M is bigraded and d0,
d1 are maps of degree (1, 0) and (0, 1) respectively, satisfying d0◦d0 = d1◦d1 = d0◦d1+d1◦d0.
Diagrammatically, a double complex is represented as:xd1 xd1
d0−−−−→ Mp,q+1 d0−−−−→ Mp+1,q+1 d0−−−−→xd1 xd1
d0−−−−→ Mp,q d0−−−−→ Mp+1,q d0−−−−→xd1 xd1
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The associated total complex is defined as TotnM := ⊕p+q=nMp,q, with total differential
d := d0 + d1. A double complex allows for two filtrations, namely,
F pI (Tot
n M) = ⊕r>pM r,n−r , F pII(Totn M) = ⊕r>pMn−r,r . (C.2)
These filtrations are bounded in each dimension if for each n only a finite number of Mp,q
with n = p+ q are non-zero.
Correspondingly, we can consider two spectral sequences converging to H∗(Tot M,d)
with as first terms
IE
p,q
1
∼= Hp,q(M,d1) , IEp,q2 ∼= Hp,q(H∗,∗(M,d1), d0) (C.3)
IIE
p,q
1
∼= Hp,q(M,d0) , IIEp,q2 ∼= Hp,q(H∗,∗(M,d0), d1) . (C.4)
Note that here one can show that the first term of the spectral sequence is equal to the one
mentioned in the more general case above. Higher differentials dr+1 for r > 1 are defined
by dr+1x = d1y where y is defined by d0y = drx. Such a y can be proven to always exist,
so that the higher differentials are always well-defined.
Example. As a simple example of the utility of spectral sequences, let us reproduce a
proof of the Ku¨nneth formula [37]. Consider a differential graded algebra (A, d), i.e., a
graded algebra endowed with a differential d of degree one satisfying the Leibniz rule. Let
it have two graded subalgebras A1 and A2 which are respected by the differential, i.e.,
dAi ⊆ Ai. Let us assume the multiplication map m : A1 ⊗ A2 → A is an isomorphism of
vector spaces. Then one can define the double complex (Mp,q; d0, d1) by
Mp,q := m(Ap1 ⊗ Aq2) , d0(a1a2) = d(a1)a2 , d1(a1a2) = (−1)deg(a1)a1d(a2) . (C.5)
Assume that this double complex is bounded in each dimension; then one can make use of
the spectral sequence for the double complex as described above. One finds for the first
couple of levels
Ep,q1
∼= m(Ap1 ⊗Hq(A2, d)) , Ep,q2 ∼= m(Hp(A1, d)⊗Hq(A2, d)) . (C.6)
Higher differentials all manifestly vanish, so the spectral sequence terminates. At the
level of vector spaces, the above-stated theorem implies that H∗(A, d) ∼= m(H∗(A1, d) ⊗
H∗(A2, d)). This statement can be extended to an isomorphism of algebras because a1a2
is a representative of an element in H∗(A, d).
Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
References
[1] D. Gaiotto, N = 2 dualities, JHEP 08 (2012) 034 [arXiv:0904.2715] [INSPIRE].
[2] D. Gaiotto, G.W. Moore and A. Neitzke, Wall-crossing, Hitchin systems and the WKB
approximation, arXiv:0907.3987 [INSPIRE].
– 64 –
J
H
E
P
0
5
(
2
0
1
5
)
0
2
0
[3] E. Witten, Solutions of four-dimensional field theories via M-theory, Nucl. Phys. B 500
(1997) 3 [hep-th/9703166] [INSPIRE].
[4] F. Benini, S. Benvenuti and Y. Tachikawa, Webs of five-branes and N = 2 superconformal
field theories, JHEP 09 (2009) 052 [arXiv:0906.0359] [INSPIRE].
[5] D. Gaiotto, L. Rastelli and S.S. Razamat, Bootstrapping the superconformal index with
surface defects, JHEP 01 (2013) 022 [arXiv:1207.3577] [INSPIRE].
[6] A. Gadde, E. Pomoni, L. Rastelli and S.S. Razamat, S-duality and 2d topological QFT,
JHEP 03 (2010) 032 [arXiv:0910.2225] [INSPIRE].
[7] A. Gadde, L. Rastelli, S.S. Razamat and W. Yan, The superconformal index of the E6 SCFT,
JHEP 08 (2010) 107 [arXiv:1003.4244] [INSPIRE].
[8] A. Gadde, L. Rastelli, S.S. Razamat and W. Yan, The 4d superconformal index from
q-deformed 2d Yang-Mills, Phys. Rev. Lett. 106 (2011) 241602 [arXiv:1104.3850] [INSPIRE].
[9] A. Gadde, L. Rastelli, S.S. Razamat and W. Yan, Gauge theories and Macdonald
polynomials, Commun. Math. Phys. 319 (2013) 147 [arXiv:1110.3740] [INSPIRE].
[10] M. Lemos, W. Peelaers and L. Rastelli, The superconformal index of class S theories of type
D, JHEP 05 (2014) 120 [arXiv:1212.1271] [INSPIRE].
[11] N. Mekareeya, J. Song and Y. Tachikawa, 2d TQFT structure of the superconformal indices
with outer-automorphism twists, JHEP 03 (2013) 171 [arXiv:1212.0545] [INSPIRE].
[12] G.W. Moore and Y. Tachikawa, On 2d TQFTs whose values are holomorphic symplectic
varieties, Proc. Symp. Pure Math. 85 (2012) 191 [arXiv:1106.5698] [INSPIRE].
[13] C. Beem et al., Infinite chiral symmetry in four dimensions, Commun. Math. Phys. 336
(2015) 1359 [arXiv:1312.5344] [INSPIRE].
[14] O. Chacaltana and J. Distler, Tinkertoys for Gaiotto duality, JHEP 11 (2010) 099
[arXiv:1008.5203] [INSPIRE].
[15] C. Beem, L. Rastelli and B.C. van Rees, W symmetry in six dimensions, arXiv:1404.1079
[INSPIRE].
[16] P. Bouwknegt and K. Schoutens, W symmetry in conformal field theory, Phys. Rept. 223
(1993) 183 [hep-th/9210010] [INSPIRE].
[17] F.A. Dolan and H. Osborn, On short and semi-short representations for four-dimensional
superconformal symmetry, Annals Phys. 307 (2003) 41 [hep-th/0209056] [INSPIRE].
[18] S. Benvenuti, A. Hanany and N. Mekareeya, The Hilbert series of the one instanton moduli
space, JHEP 06 (2010) 100 [arXiv:1005.3026] [INSPIRE].
[19] E. Witten, Gauge theory and wild ramification, arXiv:0710.0631 [INSPIRE].
[20] Y. Tachikawa, N = 2 S-duality via outer-automorphism twists, J. Phys. A 44 (2011) 182001
[arXiv:1009.0339] [INSPIRE].
[21] O. Chacaltana, J. Distler and Y. Tachikawa, Gaiotto duality for the twisted A2N−1 series,
arXiv:1212.3952 [INSPIRE].
[22] O. Chacaltana, J. Distler and Y. Tachikawa, Nilpotent orbits and codimension-two defects of
6d N = (2, 0) theories, Int. J. Mod. Phys. A 28 (2013) 1340006 [arXiv:1203.2930]
[INSPIRE].
– 65 –
J
H
E
P
0
5
(
2
0
1
5
)
0
2
0
[23] A. Gadde, K. Maruyoshi, Y. Tachikawa and W. Yan, New N = 1 dualities, JHEP 06 (2013)
056 [arXiv:1303.0836] [INSPIRE].
[24] Y. Tachikawa, N = 2 supersymmetric dynamics for pedestrians, Lect. Notes Phys. 890
(2013) 2014 [arXiv:1312.2684] [INSPIRE].
[25] K. Maruyoshi, Y. Tachikawa, W. Yan and K. Yonekura, N = 1 dynamics with TN theory,
JHEP 10 (2013) 010 [arXiv:1305.5250] [INSPIRE].
[26] A. Dancer, F. Kirwan and A. Swann, Twistor spaces for hyperkaehler implosions,
arXiv:1308.3196.
[27] D. Gaiotto and S.S. Razamat, Exceptional indices, JHEP 05 (2012) 145 [arXiv:1203.5517]
[INSPIRE].
[28] Y. Tachikawa, Some conjectures on VOAs,
http://member.ipmu.jp/yuji.tachikawa/transp/voaconj2.pdf.
[29] D. Gaiotto and J. Maldacena, The gravity duals of N = 2 superconformal field theories,
JHEP 10 (2012) 189 [arXiv:0904.4466] [INSPIRE].
[30] J.A. Minahan and D. Nemeschansky, An N = 2 superconformal fixed point with E6 global
symmetry, Nucl. Phys. B 482 (1996) 142 [hep-th/9608047] [INSPIRE].
[31] D. Gaiotto, A. Neitzke and Y. Tachikawa, Argyres-Seiberg duality and the Higgs branch,
Commun. Math. Phys. 294 (2010) 389 [arXiv:0810.4541] [INSPIRE].
[32] P.C. Argyres and N. Seiberg, S-duality in N = 2 supersymmetric gauge theories, JHEP 12
(2007) 088 [arXiv:0711.0054] [INSPIRE].
[33] M. Lemos and W. Peelaers, Chiral algebras for Trinion theories, JHEP 02 (2015) 113
[arXiv:1411.3252] [INSPIRE].
[34] D. Gaiotto, G.W. Moore and Y. Tachikawa, On 6d N = (2, 0) theory compactified on a
Riemann surface with finite area, Prog. Theor. Exp. Phys. 2013 (2013) 013B03
[arXiv:1110.2657] [INSPIRE].
[35] L.F. Alday and Y. Tachikawa, Affine SL(2) conformal blocks from 4d gauge theories, Lett.
Math. Phys. 94 (2010) 87 [arXiv:1005.4469] [INSPIRE].
[36] J. de Boer and T. Tjin, The relation between quantum W algebras and Lie algebras,
Commun. Math. Phys. 160 (1994) 317 [hep-th/9302006] [INSPIRE].
[37] J. de Boer and T. Tjin, Quantization and representation theory of finite W algebras,
Commun. Math. Phys. 158 (1993) 485 [hep-th/9211109] [INSPIRE].
[38] L. Feher, L. O’Raifeartaigh, P. Ruelle, I. Tsutsui and A. Wipf, On the general structure of
Hamiltonian reductions of the WZNW theory, hep-th/9112068 [INSPIRE].
[39] B. Feigin and E. Frenkel, Quantization of the Drinfeld-Sokolov reduction, Phys. Lett. B 246
(1990) 75 [INSPIRE].
[40] E. Witten, Two-dimensional models with (0, 2) supersymmetry: perturbative aspects, Adv.
Theor. Math. Phys. 11 (2007) [hep-th/0504078] [INSPIRE].
[41] A. Kapustin, Chiral de Rham complex and the half-twisted σ-model, hep-th/0504074
[INSPIRE].
[42] F. Malikov, V. Schechtman and A. Vaintrob, Chiral de Rham complex, Commun. Math.
Phys. 204 (1999) 439 [math/9803041] [INSPIRE].
– 66 –
J
H
E
P
0
5
(
2
0
1
5
)
0
2
0
[43] F. Malikov and V. Schechtman, Chiral de Rham complex. II, in Differential topology,
infinite-dimensional Lie algebras, and applications, Amer. Math. Soc. Transl. Ser. 2 194,
Amer. Math. Soc., Providence RI U.S.A. (1999), pg. 149 [math/9901065].
[44] V. Gorbounov, F. Malikov and V. Schechtman, Gerbes of chiral differential operators, Math.
Res. Lett. 7 (2000) 55 [math/9906117].
[45] V. Gorbounov, F. Malikov and V. Schechtman, Gerbes of chiral differential operators. II.
Vertex algebroids, Invent. Math. 155 (2004) 605.
[46] V. Gorbounov, F. Malikov and V. Schechtman, Gerbes of chiral differential operators. III, in
The orbit method in geometry and physics (Marseille France 2000), Progr. Math. 213,
Birkha¨user, Boston MA U.S.A. (2003), pg. 73 [math/0005201].
[47] K. Thielemans, A Mathematica package for computing operator product expansions, Int. J.
Mod. Phys. C 2 (1991) 787 [INSPIRE].
[48] R. Bott and L. Tu, Differential forms in algebraic topology, Graduate texts in Mathematics
82, Springer Verlag, New York U.S.A. (1982).
[49] J. McCleary, A user’s guide to spectral sequences, Cambridge Studies in Advanced
Mathematics 58, Cambridge University Press, Cambridge U.K. (2001).
– 67 –
